
%XEEOLQJ�ODZV�LQ�D�JODVV�IXUQDFH�

;��&KDYDQQH��-��0��)OHVVHOOHV��)��3LJHRQQHDX�
6DLQW�*REDLQ�5HFKHUFKH�����TXDL�/XFLHQ�/HIUDQF��������$XEHUYLOOLHUV�FHGH[�)UDQFH�

�

�%XEEOHUV� DUH� FRPPRQO\� XVHG� LQ� JODVV� IXUQDFHV� LQ� RUGHU� WR� HQKDQFH� FRQYHFWLYH� PRWLRQV�� 'HVSLWH�

H[WHQVLYH� VWXGLHV�� EXEEOH� IRUPDWLRQ� IURP�DQ�RULILFH�KDV�QRW�EHHQ�GHVFULEHG�E\� D� VLQJOH� ODZ��8VXDOO\� WKH�
IRUPHG� EXEEOH� YROXPH� GHSHQGV� DW� OHDVW� RQ� WZR� SDUDPHWHUV�� WKH� YLVFRVLW\� DQG� WKH� JDV� IORZ� UDWH� LQ�

GLPHQVLRQOHVV�IRUP��%\�UHFRQVLGHULQJ�DYDLODEOH�PRGHOV��ZH�KDYH�GHULYHG�D�VLQJOH�SDUDPHWHU�ODZ�WR�GHVFULEH�

EXEEOH� IRUPDWLRQ� IRU� GLIIHUHQW� JDV� IORZ� UDWHV� DQG� IOXLGV�� 7ZR� UHJLPHV� DSSHDU�� QDPHO\� WKH� YLVFRXV� DQG�

LQHUWLDO�UHJLPHV��GHSHQGLQJ�RQ�WKH�YDOXH�RI�WKLV�SDUDPHWHU���

�

,QWURGXFWLRQ�

%XEEOLQJ� IURP� DQ� RULILFH� DW� WKH� ERWWRP� SOD\� DQ� LPSRUWDQW� UROH� WR� LPSURYH� WKH�PDVV��
KHDW�DQG�PRPHQWXP�WUDQVIHUV�LQ�GLIIHUHQW�DSSOLFDWLRQV��FHOO�R[\JHQDWLRQ��ZDWHU�FOHDQVLQJ��JDV�
SKDVHG�SRO\PHUL]DWLRQ��LQ�PROWHQ�VWHHO�EDWK��«���,Q�JODVV�IXUQDFHV�URZV�RI�EXEEOHUV�EORZ�XS�
QLWURJHQ�JDV�RU�DLU�LQ�PROWHQ�VLOLFDWH�WKURXJK�DQ�RULILFH�RI�GLDPHWHU�GRU��LQ�RUGHU�WR�LPSURYH�
WKH�JODVV�TXDOLW\�DW� WKH�RXWSXW��%XEEOLQJ�FRQGLWLRQV�RIWHQ�FRUUHVSRQG�WR�D�FRQVWDQW�YROXPH�
IORZ�UDWH�4���

,W� LV� LPSRUWDQW� WR� NQRZ� WKH� EXEEOH� YROXPH�9� DW� WKH� HQG� RI� WKH� IRUPDWLRQ� SURFHVV�� DV�9�
GULYHV�WKH�EXEEOH�YHORFLW\�DQG�WKH�IORZ�LQ�VXUURXQGLQJ�OLTXLG��%XEEOH�IRUPDWLRQ�KDV�UHFHLYHG�
PXFK� WKHRUHWLFDO� DV� ZHOO� DV� H[SHULPHQWDO� DQG� QXPHULFDO� DWWHQWLRQ�� ,Q� WKH� QH[W� VHFWLRQ�ZH�
VXPPDUL]H�WKH�ZRUN�GRQH�RQ�WKLV�WRSLF�DQG�SUHVHQW�WKH�UHVXOWLQJ�HTXDWLRQ�WKDW�FRQWUROV�WKH�
YROXPH�RI�WKH�EXEEOH�9�MXVW�EHIRUH�WKH�GHWDFKHPHQW��,Q�WKH�IROORZLQJ�VHFWLRQ��IURP�SK\VLFDO�
FRQVLGHUDWLRQV��ZH�GHGXFH�D�VLPSOHU�IRUP��WKDW�PD\�EH�XVHIXO�IRU�PDQ\�DSSOLFDWLRQV�DQG�JODVV�
PDNLQJ�LQ�SDUWLFXODU���

7KH�H[LVWLQJ�ODZ�RI�EXEEOLQJ�

'LIIHUHQW� WKHRUHWLFDO�ZRUNV� �� �� �� �� � KDYH� HVWDEOLVKHG� DQ� HTXDWLRQ� JRYHUQLQJ� WKH�EXEEOH�

YROXPH� LQVLGH�D� IOXLG�RI�G\QDPLFDO�YLVFRVLW\�η��RI�GHQVLW\�ρ� DQG�RI�VXUIDFH� WHQVLRQ�σ��7KH�
HTXDWLRQ�GHULYHV�IURP�D�PRPHQWXP�EDODQFH�DSSOLHG�WR�WKH�EXEEOH�DQG�IURP�D�GHWDFKHPHQW�
FULWHULRQ� EDVHG� RQ� H[SHULPHQWDO� REVHUYDWLRQV�� 7KH� IRUFHV� LQ� SOD\� RQ� WKH� EXEEOHV� DUH� WKH�
IROORZLQJ��

• %XR\DQF\�IRUFH��7KH�PDLQ�XSZDUG�IRUFH�LV�ρ�J�9��*DV�GHQVLW\�LV�QHJOHFWHG��

• *DV�PRPHQWXP�IRUFH��7KLV�XSZDUG�IRUFH�LV�QHJOLJLEOH�LQ�PRVW�FDVHV��

• 7HQVLRQ�VXUIDFH�IRUFH��7KLV�IRUFH�PDLQWDLQV�WKH�EXEEOH�GRZQ�DORQJ�WKH�VXUIDFH�FRQWDFW�

OLQH�RQ�WKH�RULILFH�QR]]OH��,WV�H[SUHVVLRQ�LV�π�GRUσ��

• 7KH�GUDJ�IRUFH�H[HUWHG�E\�WKH�OLTXLG�RQ�WKH�EXEEOH�GXULQJ�LWV�H[SDQVLRQ��,WV�JHQHUDO�IRUP�

LV�ó ρ�:��π'����&G�ZKHUH�:� LV� WKH�EXEEOH�YHORFLW\��'� LWV�GLDPHWHU� DQG�&G� WKH�GUDJ�
FRHIILFLHQW�� $W� WKH� GHWDFKHPHQW� :� LV� DSSUR[LPDWHG�� E\� ��'����4�9�� ZKLOH� &G�
H[SUHVVLRQ� LV� ���5H� �� �� IURP� H[SHULPHQWDO� FRQVLGHUDWLRQV�� 5H� LV� WKH� EXEEOH� EDVHG�



5H\QROGV�QXPEHU� ρ:'�η��7KH�ILUVW�WHUP�RI�&G�FRUUHVSRQGV�WR�WKH�YLVFRXV�SDUW�RI�WKH�
GUDJ�ZKLOH�WKH�VHFRQG�WHUP�LV�UHODWHG�WR�WKH�WXUEXOHQW�GUDJ��

• 7KH�LQHUWLD�IRUFH�RU�DGGHG�PDVV�FRQWULEXWLRQ��,W�LV�WKH�IRUFH�UHVXOWLQJ�IURP�DFFHOHUDWLQJ�

DQ�LQYLVFLG�OLTXLG��,WV�H[SUHVVLRQ�LV�αργ�ZKHUH�α�LV�D�GLPHQVLRQOHVV�SDUDPHWHU�DQG�γ�LV�WKH�
EXEEOH�DFFHOHUDWLRQ��)RU�D�VSKHUH�PRYLQJ�FORVH�WR�D�ZDOO�α�LV�DSSUR[LPDWHO\�������ZKLOH�
γ LV�DSSUR[LPDWHG��E\��:�4�9��

%\�VRUWLQJ�RXW�WKH�GLIIHUHQW�WHUPV��WKH�HTXDWLRQ�UHVXOWV�LQ��
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7KLV�HTXDWLRQ�JLYHV�DQ�LPSOLFLW�IRUP�WR�GHWHUPLQH�9��9�LV�D�IXQFWLRQ�RI�4�EXW�DOVR�J��ρ, η��GRU�
DQG�σ��GRU��DQG�σ�DSSHDU�RQO\�E\�WKHLU�SURGXFW�LQ�WKH�HTXDWLRQ��KHQFH�RQO\�GRUσ�LV�FRQVLGHUHG�
LQVWHDG�RI� WKH� WZR�SDUDPHWHUV��7R�UHGXFH� IXUWKHU�WKH�QXPEHU�RI�SDUDPHWHUV�RQH�FDQ�XVH�D�

GLPHQVLRQDO� DQDO\VLV� DV� GRQH� E\� &OLIW� HW� DO���� 7KH\� KDYH� FKRVHQ� J��ρ� DQG� GRUσ � WR� SXW � 9��
4 DQG η�LQ�GLPHQVLRQOHVV�IRUP��
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(TXDWLRQ�����EHFRPHV��
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,Q� WKH� 9·�4·� GLDJUDP� RI� ILJ�� �� DUH� SORWWHG� FXUYHV� IRU� GLIIHUHQW�2K�� GHGXFHG� IURP� ���� E\�
QXPHULFDO�UHVROXWLRQ��

�)URP� HTXDWLRQ� ���� RQH� FDQ� GHULYH� WKH� GLIIHUHQW� DV\PSWRWLF� UHJLPHV��� (DFK� UHJLPH�
FRUUHVSRQGV�WR�WKH�EDODQFH�RI�WKH�OHIW�KDQG�VLGH�RI�����E\�RQH�RI�WKH�ULJKW�KDQG�VLGH�WHUPV��

• FDSLOODU\�UHJLPH��9·F� �π� � ��������REVHUYHG�DW�ORZ�4·�DQG�ORZ�2K�

• YLVFRXV�UHJLPH���9·Y� ������2K4·�
���������REVHUYHG�DW�LQWHUPHGLDWH�4·�DQG�ODUJH�2K�

• LQHUWLDO�UHJLPH���9·L� �����4·
����� ��������REVHUYHG�DW�ODUJH�4·�DQG�ORZ�DQG�PRGHUDWH�2K�
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FDSLOODU\�UHJLPH

LQHUWLDO�UHJLPH

YLVFRXV�UHJLPH

�

)LJ� ��� 3RLQWV� �9
�4
�� IRU� GLIIHUHQW� 2K� GHGXFHG� IURP� WKH� EXEEOH� YROXPH� 9� JRYHUQLQJ�
HTXDWLRQ�LQ�GLPHQVLRQOHVV�IRUP������'LIIHUHQW�UHJLPHV�RI�EXEEOLQJ�DUH�KLJKOLJKWHG��

$OWKRXJK�LQ�D�PRUH�FRQYHQLHQW�IRUP�WKDQ�HTXDWLRQ�����WKHUH�DUH�VWLOO�WRR�PDQ\�SDUDPHWHUV�WR�
GHWHUPLQH�DW�TXLFN�JODQFH�LQ�ZKLFK�UHJLPH�D�EXEEOHU�IDOOV��$W�WKH�QH[W�SDUDJUDSK�SDUDPHWHU�
QXPEHUV�DUH�UHGXFHG�E\�D�IXUWKHU�WZLVW�LQ�WKH�GLPHQVLRQDO�DQDO\VLV��

$�QHZ�GLPHQVLRQOHVV�SDUDPHWUL]DWLRQ�

7KH�VDPH�SURFHGXUH��ZKLFK�DOORZV�SDVVLQJ�IURP�����WR������LV�DJDLQ�DSSOLHG�KHUH�EXW�ZLWK�
D�GLIIHUHQW�VHW�RI�SDUDPHWHUV�WR�PDNH�����GLPHQVLRQOHVV��7KH�FKDQJH�DULVHV�IURP�WKH�IDFW�WKDW��
LQ�WKH�EXEEOHU�FDVH��WKH�WHQVLRQ�VXUIDFH�WHUP�LV�QHJOLJLEOH��7\SLFDOO\�IRU�EXEEOHUV�WKH�QRUPDO�
JDV�IORZ�UDWH�LV�DERXW�����1�O�K��QRUPDO�FRQGLWLRQ�LV���&�DQG���DWP���WKH�RULILFH�GLDPHWHU�GRU�

LV�DERXW���PP��%XEEOH�HPLVVLRQ�UDWH�LV�DURXQG����SHU�PLQ��)RU�IODW�JODVV�WKH�YLVFRVLW\ η DW�
�����.�LV�DERXW����3DV��ρ LV������NJ�P��. +HQFH�9·�YDOXH�IRU�WKH�GLIIHUHQW�UHJLPHV�LV�DERXW��

9·F� � π� 9·L��≈����� 9·Y�≈������

2QH�FDQ�VHH�WKDW�WKH�FDSLOODU\�WHUP�LV�QHJOLJLEOH�ZLWK�UHVSHFW�WR�WKH�RWKHUV��GRUσ�GRHV�QRW�SOD\�
D�UROH�LQ�WKH�SK\VLFDO�PHFKDQLVP�RI�WKH�SKHQRPHQD��$�EHWWHU�VHW�RI�SDUDPHWHUV�LV�WKHQ�J��ρ��
η�� )RU� VLPSOLILFDWLRQ� SXUSRVH� WKH� FLQHPDWLF� YLVFRVLW\� �ν�  � ηρ���� LV� DOVR� LQWURGXFHG�� 7KLV�
\LHOGV�WKH�IROORZLQJ�GLPHQVLRQOHVV�QXPEHUV��
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)LJ�����3RLQWV��9
�4
��IURP�HTXDWLRQ�����IRU�ODUJH�2K��2K ����DORQJ�ZLWK�H[SHULPHQWDO�GDWD��
����JO\FHURO�ZDWHU�PL[WXUH����P3DV��¨��JO\FHURO�ZDWHU�PL[WXUH�����P3DV�� �JO\FHURO�ZDWHU�
PL[WXUH�����P3DV��T�JO\FHURO�ZDWHU�PL[WXUH�����P3DV��S�JO\FHURO�ZDWHU�PL[WXUH�����P3DV�
�[��EXEEOHU��y��EXEEOHU�PRGHO�����3DV��{��EXEEOHU�PRGHO����3DV��

,Q�D�VLPLODU�ZD\�DV�WKH�SUHYLRXV�VHFWLRQ��SRLQWV�IURP�����DUH�SORWWHG�LQ�WKH�9
�4
�GLDJUDP�RI�
ILJ�� ��� IURP�SK\VLFDO� FRQVLGHUDWLRQV��9DULRXV� H[SHULPHQWDO�GDWD� DUH� DOVR� UHSRUWHG��7KH� ILUVW�
VHULHV� ZDV� REWDLQHG� E\� DLU� LQMHFWLRQ�ZLWKLQ� GLIIHUHQW� JO\FHURO�ZDWHU�PL[WXUHV��� 7KH� VHFRQG�
VHULHV� FRQFHUQV� EXEEOHU� PRGHOV� ZRUNLQJ� QHDUO\� DW� URRP� WHPSHUDWXUH�� ,Q� WKH� SUHYLRXV�
IUDPHZRUN� �4·��2K�� SRLQWV�ZHUH� VFDWWHUHG� DPRQJ� GLIIHUHQW� FXUYHV�GHSHQGLQJ�RQ� WKH� IOXLG�
YLVFRVLW\�� ,Q� WKH� QHZ� IUDPHZRUN� �4
�� SRLQWV� OLQH� XS� DORQJ� WKH� VDPH� FXUYH� ZHOO� ILWWHG� E\�
HTXDWLRQ������$�EXEEOHU�ZRUNLQJ�SRLQW�LV�DOVR�UHSRUWHG�ZLWK�LWV�ODUJH�HUURU�EDUV��7KH�YLFLQLW\�
RI�RWKHU�EXEEOHUV�PD\�PRGLI\�WKH�YROXPH�9�RI�EXEEOHV��DQG� LQGXFH�D�VKLIW� IURP�HTXDWLRQ�
�����

�7KH�GLIIHUHQW�DV\PSWRWLF�UHJLPHV�UHZULWH���

• FDSLOODU\�UHJLPH��9
F� �π 2K��� � REVHUYHG�DW�ORZ�4
�DQG�ORZ�2K�

• YLVFRXV�UHJLPH���9
Y� �����4

����� � REVHUYHG�DW�ORZ�4
�

• LQHUWLDO�UHJLPH���9
L� �����4

����� � REVHUYHG�DW�ODUJH�4
�

,W�LV�LQWHUHVWLQJ�WR�GUDZ�WKH�ERXQGDU\�EHWZHHQ�WKH�GLIIHUHQW�UHJLPHV�LQ�WKH�4
�2K�GLDJUDP�
�ILJ�����

• $�OLPLW�EHWZHHQ�WKH�WZR�ODVW�UHJLPHV�GHGXFHG�IURP�9
Y� �9
L�LV�� �������4
YL� ����

• $�OLPLW�EHWZHHQ�WKH�ILUVW�DQG�ODVW�UHJLPHV�GHGXFHG�IURP�9
F� �9
L�LV����4
FL� ����2K
�����

• $�OLPLW�EHWZHHQ�WKH�WZR�ILUVW�UHJLPHV�GHGXFHG�IURP�9
F� �9
Y�LV����4
FY� �����2K
�����



7KH�WULSOH�SRLQW�ZKHUH�DOO�WKH�ERXQGDU\�OLQHV�PHW�LV�4
W� ����DQG�2KW� �������
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LQHUWLDO�UHJLPH

YLVFRXV�UHJLPH

FDSLOODU\�UHJLPH

�����

��

�

)LJ�����'LIIHUHQW�EXEEOLQJ�UHJLPHV�LQ�WKH�4
�2K�GLDJUDP�

&RQFOXVLRQ�

,Q�WKLV�DUWLFOH�ZH�VXJJHVW�D�QHZ�IRUP�RI�WKH�HTXDWLRQ�JRYHUQLQJ�WKH�EXEEOH�YROXPH�9�DW�
LWV�GHWDFKHPHQW��7KLV�IRUP�LV�FRQYHQLHQW�IRU�EXEEOLQJ�DSSOLFDWLRQV�ZKHUH�VXUIDFH�WHQVLRQ�LV�
QHJOLJLEOH��7KLV�LV�WKH�FDVH�RI�EXEEOHUV�LQ�D�JODVV�IXUQDFH��7KH�YROXPH�LQ�GLPHQVLRQOHVV�IRUP��

9
� �9Jν���GHSHQGV�RQO\�RQ�4
� �4J���ν������$YDLODEOH�H[SHULPHQWDO�GDWD�VXSSRUW�WKLV�QHZ�
IRUP���

:H�WKDQN�<��6LRQ��6*&9��&KDORQ�6D{QH���5��-DFTXHV��%��3DOPLHUL�DQG�0��5DWWLHU��6*5��IRU�
SURYLGLQJ�XV�ZLWK�H[SHULPHQWDO�GDWD��

������������������������������ �������������������

��-��)��'DYLGVRQ�DQG�%��2��6FK�OHU��7UDQV��,QVWQ��&KHP��(QJUV�����S������������������

��5��.XPDU�DQG�1��5��.XORRU��$GYDQFHV�LQ�&KHPLFDO�(QJLQHHULQJ����S������������������

��.��5XII��&KHPLH�,QJ��7HFKQ������S��������������������

��(��6��*DGGLV�DQG�$��9RJHOSRKO��&KHPLFDO�(QJLQHHULQJ�6FLHQFH�����S�����������������

��3��6QDEUH�DQG�)��0DJQLIRWFKDP��(XUR��3K\V��-��%����S������������������

��5��&OLIW��-��5��*UDFH�DQG�0��(��:HEHU��LQ�%XEEOHV��'URSV�DQG�3DUWLFOHV��$FDGHPLF�3UHVV��1HZ�<RUN���������
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