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$�PHWKRG� WKDW� DOORZV� WR� VROYH� LQ� D� VHPL�DQDO\WLFDO�PDQQHU� WKH�SUREOHP�RI� FRQGXFWLYH� DQG� UDGLDWLYH�

WUDQVIHU� LQ� D�SODWH� RI� JODVV� LV� SUHVHQWHG��7KH� VHPL�WUDQVSDUHQW� OD\HU� HPLWV�� DEVRUEV� DQG� VFDWWHUV� UDGLDWLRQ�

�SDUWLFLSDWLQJ�PHGLXP���7KLV�PHWKRG�VWHPV�IURP�WKH�SULQFLSOH�RI�D�.HUQHO�VXEVWLWXWLRQ�WHFKQLTXH�DSSOLHG�WR�

WKH�UDGLDWLYH�IOX[�H[SUHVVLRQ�DQG�LQLWLDOO\�LQWURGXFHG�E\�/LFN��������WKDW�DOORZV�WR�FKDQJH�WKH�FKDUDFWHU�RI�

WKH�JRYHUQLQJ�KHDW�HTXDWLRQ�IURP�WKH�LQWHJUR�GLIIHUHQWLDO� IRUP�WR�D�SXUHO\�GLIIHUHQWLDO�RQH�� ,Q�WKH�FDVH�RI�

OLPLWLQJ� FDVHV� RI� SXUHO\� VFDWWHULQJ� DQG� SXUHO\� DEVRUELQJ� PHGLD�� WKH� VROXWLRQ� RI� WKH� UDGLDWLYH� WUDQVIHU�
HTXDWLRQ�LV�H[DFW��,Q�WKH�JHQHUDO�FDVH��ZH�PDNH�D�WZR�IOX[�DSSUR[LPDWLRQ��,Q�DOO�FDVHV��ZH�DVVXPH�D�OLQHDU�

WUDQVIHU�DQG�XVH�WKH�/DSODFH�WUDQVIRUP��7KH�DGYDQWDJH�RI�WKH�PHWKRG�LV�IDVW�FRPSXWDWLRQDO�WLPHV�IRU�JRRG�

SUHFLVLRQ��

7UDQVLHQW�+HDW�7UDQVIHUV�LQ�D�6HPL�WUDQVSDUHQW�0DWHULDO��6�7�0��

7KH�JHQHUDO�WUDQVLHQW�KHDW�WUDQVIHU�LQ�D�VHPL�WUDQVSDUHQW�PDWHULDO��6�7�0��LV�REWDLQHG�E\�
VROYLQJ� WKH� FRPELQHG� FRQGXFWLYH� �)RXULHU
V� ODZ�� DQG� UDGLDWLYH� �5�7�(�� HTXDWLRQV� WKDW� DUH�
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)LJXUH�����5DGLDWLYH�+HDW�7UDQVIHU�IRU�D�3ODQH�3DUDOOHO�0HGLXP�

7KH� WHPSHUDWXUH� LV� FRXSOHG�ZLWK� WKH� LQWHQVLW\� WKURXJK� WKH�GLYHUJHQFH�RI� WKH� UDGLDWLYH� IOX[�
WKDW� DSSHDUV� LQ� WKH� KHDW� HTXDWLRQ� DV� D� VRXUFH� WHUP�� 7KH� LQWHQVLW\� LV� D� IXQFWLRQ� RI� WKH�
WHPSHUDWXUH� ILHOG� WKURXJK� WKH� HPLVVLRQ� WHUP� RI� WKH� 5�7�(� WKDW� FRUUHVSRQGV� WR� WKH�
%ODFNERG\
V�LQWHQVLW\�ZKLFK�LV�D�IXQFWLRQ�RI�WKH�ORFDO�WHPSHUDWXUH�RI�WKH�PDWHULDO��



7KH�VHFRQG�OHIW�WHUP�RI�WKH�5�7�(�LV�WKH�ORVV�RI�WKH�UDGLDQW�HQHUJ\�GXH�WR�WKH�DEVRUSWLRQ�DQG�

VFDWWHULQJ� RI� WKH� LQFLGHQW� UDGLDWLRQ� �� Y. σβ νν += �� ν. � DQG� νσ � DUH� UHVSHFWLYHO\� WKH�

PRQRFKURPDWLF�H[WLQFWLRQ��DEVRUSWLRQ�DQG�VFDWWHULQJ�FRHIILFLHQWV�� ννν βσω = �GHQRWHV�WKH�

PRQRFKURPDWLF� DOEHGR�DQG� ( )7,
�

ν′ �� WKH�3ODQFN
V� HQHUJ\�GLVWULEXWLRQ��7KH�ULJKW� WHUP�RI� WKH�

5�7�(� LV� WKH� VRXUFH� IXQFWLRQ� WKDW� UHSUHVHQWV� WKH� JDLQ� LQ� UDGLDQW� HQHUJ\� E\� HPLVVLRQ� DQG�

LQFRPLQJ�VFDWWHULQJ�� ( )∆→∆′νS �LV�WKH�SKDVH�IXQFWLRQ��

6ROXWLRQ�LQ�WKH�&DVH�RI�D�*UH\�3ODQH�3DUDOOHO�0HGLXP�

,Q�WKLV�VHFWLRQ��ZH�DVVXPH�WKH�UDGLDWLYH�SURSHUWLHV�RI�WKH�PDWHULDO�DV�EHLQJ�LQGHSHQGHQW�
RI� ZDYHOHQJWK� �K\SRWKHVLV� RI� D� JUH\� PHGLXP��� 7KLV� DVVXPSWLRQ� LV� QRW� QHFHVVDU\� DQG� WKH�
FDOFXODWLRQ� FDQ�DOVR�EH�FRQGXFWHG� LQ� WKH� FDVHV�RI� D�QRQ�JUH\�RU� JUH\�EDQG�PRGHOV�� ,W� RQO\�

DOORZV� WR� REWDLQ� PRUH� VLPSOLILHG� H[SUHVVLRQV� ( ),, ′→′ν �� ,Q� WKH� PRUH� JHQHUDO� FDVH�� WKLV�

HTXDWLRQ� UHPDLQV� GLIILFXOW� WR� VROYH�� 1HYHUWKHOHVV�� WKH� 5�7�(� LV� JUHDWO\� VLPSOLILHG� LI� WKH�
RQH�GLPHQVLRQDO�JHRPHWU\�LV�FRQVLGHUHG��

2QH� PRUH� DVVXPSWLRQ� FRQVLVWV� LQ� DGPLWWLQJ� D]LPXWKDO� V\PPHWULF� UDGLDWLRQ� �LQWHQVLW\� LV�
LQGHSHQGHQW� RI� WKH� DQJOH� ϕ � LQ� WKH� PHGLXP��� 7KLV� LV� YDOLG� IRU� VRPH� SDUWLFXODU� UDGLDWLYH�
ERXQGDU\� FRQGLWLRQV��'XH� WR� WKH� VLQJXODULW\�RI� WKH� LQWHQVLW\� WKDW� DSSHDUV� LQ� WKH�5�7�(� IRU�

�=µ DQG�WR�DOORZ�WKH�ZULWLQJ�RI�WKH�ERXQGDU\�FRQGLWLRQV�LQ�D�FRQYHQLHQW�ZD\��LQWHQVLW\�LV�

VHSDUDWHG� LQWR� D� IRUZDUG� FRPSRQHQW� ( )µ�], + � IRU� �>µ � DQG� D� EDFNZDUG� FRPSRQHQW�

( )µ�], − � IRU� �<µ ��7KH�5�7�(� LV� WKHQ� VSOLW� LQWR� WZR�FRXSOHG� LQWHJURGLIIHUHQWLDO�HTXDWLRQV�

WKDW�KDYH�H[SOLFLWO\�WKH�VDPH�IRUPV��
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7KH�LQWHJURGLIIHUHQWLDO�HTXDWLRQV�FDQ�EH�VROYHG�E\�LQWURGXFLQJ�WKH�UDGLDWLYH�FRQGLWLRQV�RI�KH�
SUREOHP�� ,Q� WKH� FDVH� RI� RSDTXH�� GLIIXVHO\� HPLWWLQJ� �ε � LQGHSHQGHQW� RI� WKH� DQJOH�� DQG�
GLIIXVHO\�UHIOHFWLQJ�ERXQGDULHV�� ρ � LQGHSHQGHQW�RI�WKH�DQJOH���WKH�LQWHQVLWLHV�RI� WKH�VXUIDFHV�
QR�ORQJHU�GHSHQGV�RQ�θ �DQG�FDQ�EH�ZULWWHQ�XQGHU�WKH�IROORZLQJ�IRUP��
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6ROXWLRQ�RI�WKH�5DGLDWLYH�7UDQVIHU�(TXDWLRQ�����(TXLYDOHQW�5DGLDWLYH�5HVLVWDQFH���

)LUVW� DWWHPSWV� WR� VROYH� WKLV� FRPELQHG� HTXDWLRQV� FRQVLVWV� LQ� PRGHOLQJ� WKH� UDGLDWLYH�
WUDQVIHU�E\�DQ�HTXLYDOHQW� UDGLDWLYH� UHVLVWDQFH�� ,Q� WKH�FDVH�RI�RSWLFDOO\� WKLQ�PDWHULDO��ZH�FDQ�
PDNH� WKH�DVVXPSWLRQ�RI� WKH�/RFDO�7KHUPRG\QDPLF�(TXLOLEULXP��/�7�(���ZKLFK�\LHOGV� WR� D�
IOX[�GLYHUJHQFH�HTXDO�WR�]HUR��,Q�WKH�FDVH�RI�D�RSWLFDOO\�WKLFN�PHGLXP��WKH�UDGLDWLYH�WUDQVIHU�
FDQ�EH�YLHZHG� OLNH�D�SXUH�GLIIXVLRQ�SURFHVV� �5RVVHODQG
V�PRGHO���7KLV�QRWLRQ�KDV�EHHQ� WKHQ�
H[WHQGHG�WR�LQWHUPHGLDWH�RSWLFDO�WKLFNQHVV�E\�VHYHUDO�DXWKRUV���



,Q�DOO�WKHVHV�FDVHV�� WKH�UDGLDWLYH�WUDQVIHU�LV�XQFRXSOHG�ZLWK�WKH�WHPSHUDWXUH�ILHOG�ZLWKLQ�WKH�
PDWHULDO�EXW�UHPDLQV�OLQNHG�WR�WKH�FRQGXFWLYH�IOX[�WKURXJK�WKH�ERXQGDULHV�FRQGLWLRQV��$�YHU\�
VLPSOH�PRGHO� FDQ� EH� SXUSRVHG� WR� GHWHUPLQH� WKH� WUDQVLHQW� KHDW� WUDQVIHU� LQ� WKH� 6�7�0�� WKH�
FRQGXFWLYH� KHDW� WUDQVIHU� LV� PRGHOOHG� WKURXJK� D� TXDGUXSROH� IRUPXODWLRQ�� WKDW� DOORZV� WR�
OLQHDUO\�OLQNV�E\�D�WUDQVIHU�PDWUL[�WKH��LQQHU��DQG��RXWHU��/DSODFH�WHPSHUDWXUHV�DQG�WRWDO�IOX[HV�
WUDQVIRUPV��
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7KH�UDGLDWLYH�WUDQVIHU�LV�WDNHQ�LQWR�DFFRXQW�E\�D�UDGLDWLYH�UHVLVWDQFH�LQ�SDUDOOHO�ZLWK�WKH�SXUH�
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7KLV�PRGHO�WHQGV�WR�WKH�'HLVVOHU
V�PRGHO��IRU�ORZ�RSWLFDO�WKLFNQHVVHV�DQG�WR�WKH�ZHOO�NQRZQ�
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)LJXUH�����(TXLYDOHQW�5DGLDWLYH�5HVLVWDQFH�

,Q� WKH� SDUWLFXODU� FDVH� RI� D� SXUH� VFDWWHULQJ� PDWHULDO�� WKH� HPLVVLRQ� WHUP� GLVDSSHDUV� LQ� WKH�
5�7�(��7KH�UDGLDWLYH�DQG�FRQGXFWLYH�HTXDWLRQV�DUH�QDWXUDOO\�XQFRXSOHG�DQG�WKH�PRGHO�EDVHG�
RQ� WKH�QRWLRQ�RI� D� UDGLDWLYH� UHVLVWDQFH� LV� H[DFW��7KLV� H[SODLQV� WKH� VXFFHVV�RI� WKLV�QRWLRQ� LQ�
LQVXODWLQJ�PDWHULDOV�OLNH�IRDPV��

7KH�6HPL�7UDQSDUHQW�4XDGUXSROH�

7KH� JHQHUDO� HTXDWLRQ� IRU� WKH� FRPELQHG� FRQGXFWLYH� DQG� UDGLDWLYH� QRQ�VWHDG\� KHDW�
WUDQVIHU� LV� DQ� LQWHJURGLIIHUHQWLDO� HTXDWLRQ� WKDW� FDQ� EH� VROYHG� DQDO\WLFDOO\� E\� PDNLQJ� WKH�

DVVXPSWLRQ� RI� D� OLQHDUL]HG� UDGLDWLYH� WUDQVIHU� ( ) ��
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UHIHUHQFH� WHPSHUDWXUH��� 7KH� VHPL�WUDQVSDUHQW� PDWHULDO� LV� DOZD\V� FRQVLGHUHG� LQ� VPDOO�
GHYLDWLRQV� IURP� D� UHIHUHQFH� VWDWH�� ,Q� WKH� FDVH�RI� D� SXUHO\� DEVRUELQJ�HPLWWLQJ�PHGLXP�� WKH�
LQWHQVLW\� LV� DQLVRWURSLF� DQG� WKH� SUREOHP� LV� GLIILFXOW� WR� VROYH� EHFDXVH� RI� WKH� SUHVHQFH� RI�

H[SRQHQWLDO� LQWHJUDO� IXQFWLRQV� ( ) ∫ −−=
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$SSO\LQJ�D�.HUQHO�VXEVWLWXWLRQ�WHFKQLTXH�WKDW�FRQVLVWV�LQ�UHSODFLQJ�H[SRQHQWLDO�LQWHJUDOV�WKDW�
DSSHDU� LQ� WKH� UDGLDWLYH� IOX[� H[SUHVVLRQ�� ZH� REWDLQ� D� PRGLILHG� LQWHJUDO� HTXDWLRQ�� +HUH�� ZH�

XVHG�WKH�DSSUR[LPDWH�NHUQHO�IRXQG�E\�/LFN��RI�WKH�IRUP� ( )E]D −H[S �IRU�WKH�FRUUHFW�NHUQHO�

( )](� �� DQG�DOVR� ( ) ( )E]ED −H[S � IRU� WKH�.HUQHO� ( )](� ��ZLWK� D � DQG� E �EHLQJ�HTXDO� WR� �� �

DQG� �� � UHVSHFWLYHO\�� %\� XVLQJ� WKH� FRHIILFLHQWV� D � DQG� E � GHULYHG� E\� /LFN�� ZH� REWDLQ�

GLVFUHSDQFLHV�OHVV�WKDQ����RQ�WKH�WHPSHUDWXUH�ILHOG��7KH�PRGLILHG�LQWHJUDO�HTXDWLRQ�LV�JLYHQ�
LQ�GLPHQVLRQOHVV�IRUP�E\��
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'LIIHUHQWLDWLQJ� WKH� HQHUJ\� HTXDWLRQ� WZLFH�� VXEVWLWXWLQJ� WKH� VHFRQG�RUGHU� GHULYDWLYH� RI� WKH�

UDGLDWLYH�IOX[�DQG�H[SUHVVLQJ� ]TU ∂∂ �LQ�WHUP�RI��WKH�SDUWLDO�GHULYDWLYHV�RI�θ �DFFRUGLQJ�WR�WKH�
HQHUJ\�HTXDWLRQ�\LHOGV�WR��
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7KDW� FDQ� EH� IRUPDOO\� ZULWWHQ� DV� 210, �−= �� 7KH� FRHIILFLHQWV� RI� WKH� TXDGUXSROH� DUH�

REWDLQHG�E\�H[WUDFWLQJ�WKH�WZR�ILUVW�FROXPQV�DQG�OLQHV�IURP�WKH�PDWUL[� �−10 ��

&RQFOXVLRQV�

� 7KH� FRXSOHG� FRQGXFWR�UDGLDWLYH� TXDGUXSROH� ZH� SXUSRVHG� LQ� WKLV� SDSHU� DOORZV� WR�
VROYH� WKH� KHDW� WUDQVIHU�ZLWKLQ� D� 6HPL�7UDQVSDUHQW�:DOO� �0�6�7�� LQ� D� YHU\� VLPSOH�ZD\��7KH�
PDLQ�LQWHUHVW�RI�WKLV�PHWKRG�LV�WKDW�LW�LV�QRQ�GHSHQGDQW�RI�WKH�ERXQGDULHV�FRQGLWLRQV�DQG�LW�
FDQ�EH�DSSOLHG�ZLWKRXW�DQ\�PDMRU�GLIILFXOWLHV�WR�DQ\�NLQG�RI�LPSRVHG�WHPSHUDWXUHV�RU�IOX[HV�
SUREOHPV��KHDW�SXOVH��� VWHS�RI�WHPSHUDWXUH��DQG�VR�RQ� ������7KH�VWHDG\�VWDWH�VROXWLRQ�FDQ�EH�
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