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:H�LQWURGXFH�D�VLPSOH�JHRPHWU\�WR�VWXG\�QDWXUDO�FRQYHFWLRQ�LQ�D�WZR�GLPHQVLRQDO�ER[��FORVHU�WR�WKDW�RI�

JODVV� IXUQDFHV� WKDQ� WKH� XVXDO� GLIIHUHQWLDOO\� KHDWHG� ER[�� :H� VKRZ� WKDW�� LQ� ERWK� FDVHV�� WHPSHUDWXUH� DQG�
YHORFLW\�ILHOGV�VFDOH�ZLWK�WKH�5D\OHLJK�QXPEHU��RU�WKH�*UDVKRI�QXPEHU��EDVHG�RQ�WKH�KHLJKW�RI�WKH�ER[��7KH�

PRGHO�ZH�VXJJHVW�KDV�TXDOLWDWLYH�IHDWXUHV�VLPLODU�WR�WKRVH�REVHUYHG�LQ�GLUHFW�QXPHULFDO�VLPXODWLRQV�RI�JODVV�

IXUQDFHV��

�

,QWURGXFWLRQ�

&RQYHFWLRQ�LV�WKH�PRVW�UHPDUNDEOH�ODUJH�VFDOH�SKHQRPHQRQ�RFFXUULQJ�LQ�JODVV�IXUQDFHV��
,WV�UROH�LV�HVVHQWLDO�WR�LQVXUH�SURSHU�PHOWLQJ�DQG�WR�DFKLHYH�WKH�UHTXLUHG�OHYHOV�RI�TXDOLW\��,WV�
LQWHQVLW\�ODUJHO\�GHSHQGV�RQ�WKH�JHRPHWULF�FRQILJXUDWLRQ�RI�WKH�IXUQDFHV��1DWXUDO�FRQYHFWLRQ�
KDV�EHHQ�LQWHQVLYHO\�VWXGLHG�E\�SK\VLFLVWV��WKHRUHWLFDOO\�DV�ZHOO�DV�H[SHULPHQWDOO\��'HVSLWH�WKLV�
ERG\�RI� NQRZOHGJH�� JODVV�PDNHUV� KDUGO\� TXRWH� DFDGHPLF� OLWHUDWXUH� RQ� WKDW� WRSLF�� WKH�PRVW�
DFFHVVLEOH� UHIHUHQFH� EHLQJ� /H\HQV·� DQDO\VLV�� DV� UHSRUWHG� LQ� 7ULHU��� ,Q� WKLV� SDSHU�� ZH� ILUVW�
VXPPDUL]H�UHVXOWV�RQ�GLIIHUHQWLDOO\�KHDWHG�ORQJ�FDYLWLHV�DQG�ZH�GLVFXVV�WKH�FRQVHTXHQFHV�IRU�
JODVV� IXUQDFHV�� :H� WKHQ� SUHVHQW� UHVXOWV� RQ� FRQYHFWLRQ� LQ� D� ]HQLWKDOO\� LQKRPRJHQHRXVO\�
KHDWHG�ORQJ�FDYLW\��D�JHRPHWU\�FORVHU�WR�WKDW�RI�JODVV�IXUQDFHV��

7KH�GLIIHUHQWLDOO\�KHDWHG�FDYLW\�

*��/H\HQV·�ZRUN� WR�TXDQWLI\� WKH� LQWHQVLW\� RI� FRQYHFWLRQ� LQ� D� JODVV� IXUQDFH� UHOLHV� RQ� D�
FRPSDULVRQ�ZLWK� DQ� DFDGHPLF� FRQYHFWLRQ� SUREOHP�� QDPHO\� FRQYHFWLRQ� LQ� D� ORQJ� DGLDEDWLF�
FDYLW\� ZLWK� GLIIHUHQWLDOO\� KHDWHG� HQG� ZDOOV�� 'HVSLWH� QXPHURXV� VWXGLHV� RQ� WKLV� WRSLF��
NQRZOHGJH�LV�IDU�IURP�FRPSOHWH��HVSHFLDOO\�IRU�FRQYHFWLRQ�DW�KLJK�5D\OHLJK�QXPEHU�DQG�KLJK�
3UDQGWO�QXPEHU��:H�ILUVW�UHFDOO�WKH�PDLQ�NQRZQ�UHVXOWV�DV�VXPPDUL]HG�E\�%��%RHKUHU���:H�
WKHQ�GHVFULEH�KRZ� WKH\�PD\�EH� UHFRYHUHG� LQ� WKH� VLPSOHVW� FDVH� DQG�FRPSDUH� WKHP� WR�JODVV�
IXUQDFHV��

9DULRXV�SRVVLEOH�UHJLPHV�

:H�FRQVLGHU�D�ORQJ�FDYLW\�RI�DVSHFW�UDWLR� /+$ �≡ �� �<<$ ��ZLWK�DGLDEDWLF�XSSHU�DQG�

ORZHU�ZDOOV�� DQG�ZLWK� VLGH�ZDOOV�NHSW� DW� IL[HG� WHPSHUDWXUHV� −7 � DQG� +7 � �)LJ���D���7KH� IOXLG�

ZKLFK�ILOOV�WKH�FDYLW\�KDV�FRQVWDQW�NLQHPDWLF�YLVFRVLW\�ν �DQG�KHDW�GLIIXVLYLW\�κ ��,WV�GHQVLW\�
ρ � YDULHV� OLQHDUO\� ZLWK� WHPSHUDWXUH�� WKH� WKHUPDO� H[SDQVLRQ� FRHIILFLHQW� EHLQJ� β �� ,W� LV� D�
FODVVLFDO�PDWWHU�WR�VKRZ�WKDW�WKLV�SUREOHP�RQO\�GHSHQGV�RQ�WKUHH�QRQGLPHQVLRQDO�QXPEHUV��

WKH�5D\OHLJK� QXPEHU� ���� νκβ 7+J5D ∆= �� WKH�3UDQGWO� QXPEHU� κν �3U = � DQG� WKH� DVSHFW�

UDWLR� $ ��)RU�JODVV��KHDW�GLIIXVLYLW\� LV�XVXDOO\�GRPLQDWHG�E\� WKH� UDGLDWLYH�FRPSRQHQW�ZLWKLQ�
WKH�IUDPHZRUN�RI�WKH�5RVVHODQG�DSSUR[LPDWLRQ��$OVR��YLVFRVLW\� W\SLFDOO\�YDULHV�RYHU�WZR�WR�
WKUHH�RUGHUV�RI�PDJQLWXGH� LQ� WKH�PHOWLQJ�SDUW� RI� D� IXUQDFH��+RZHYHU�� WKH�3UDQGWO� QXPEHU�

UHPDLQV� KLJK�� RI� RUGHU� ��� � WR� ��� �� $VVXPLQJ� W\SLFDO� YDOXHV� IRU� JODVV� DQG� IXUQDFH�

FKDUDFWHULVWLFV�� WKH�5D\OHLJK� QXPEHU� LV� RI�RUGHU� ��� � WR� ��� �� DQG� WKH� DVSHFW� UDWLR� LV� DERXW�
���� −⋅ ��%��%RHKUHU��KDV�VXPPDUL]HG�NQRZQ�IHDWXUHV�RI� FRQYHFWLRQ� LQ�D� ORQJ�ER[��DW�KLJK�

5D\OHLJK�QXPEHU� DQG�KLJK�3UDQGWO�QXPEHU��7KUHH�GLIIHUHQW� UHJLPHV�H[LVW� �� WKH�FRQGXFWLYH��
WKH�WUDQVLWLRQ�DQG�WKH�FRQYHFWLYH�UHJLPH��WKH�ERXQGDULHV�RI�ZKLFK�KH�GLVFXVVHV��,Q�WKH��
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)LJXUH����0RGHO�FDYLWLHV�IRU�QDWXUDO�FRQYHFWLRQ��D��'LIIHUHQWLDOO\�KHDWHG�FDYLW\��E��

=HQLWKDOO\�KHDWHG�FDYLW\��,VRWKHUPV��GDVKHG�OLQHV��DQG�YHORFLW\�SURILOH��VROLG�OLQH��DUH�

VNHWFKHG�LQ�WKH�FRQGXFWLYH�UHJLPH��

FRQGXFWLYH�UHJLPH��LVRWKHUPV�DUH�HVVHQWLDOO\�YHUWLFDO�DQG�WKH�WHPSHUDWXUH�JUDGLHQW�LV�URXJKO\�
FRQVWDQW� LQ� WKH� EXON� RI� WKH� FDYLW\�� ,Q� WKH� FRQYHFWLYH� UHJLPH�� WKH� FHQWHU� RI� WKH� FDYLW\� LV�
HVVHQWLDOO\�PRWLRQOHVV��WKH�ZKROH�WUDQVSRUW�WDNLQJ�SODFH�LQ�WZR�ERXQGDU\�OD\HUV�DW�WKH�WRS�DQG�
WKH� ERWWRP� RI� WKH� FDYLW\� �� FRQVHTXHQWO\�� WKH� LVRWKHUPV� DUH� PDLQO\� KRUL]RQWDO�� ,Q� WKH�
WUDQVLWLRQ�UHJLPH��WKH�LVRWKHUPV�IODWWHQ�RXW�ZKHUHDV�WKH�IOXLG�PRYHV�LQ�WKH�ZKROH�FDYLW\��

:LWK�SKHQRPHQRORJLFDO�DUJXPHQWV�UHO\LQJ�RQ�H[SHULPHQWDO�UHVXOWV��%RHKUHU�VXJJHVWV�WKDW�WKH�

WUDQVLWLRQ� UHJLPH� RFFXUV�ZKHQ� ��$5D � LV� EHWZHHQ� ��� � DQG� ��� ��+HQFH� LQDVPXFK� DV� JODVV�
IXUQDFHV�PD\�EH�FRPSDUHG�WR�WKLV�LGHDO�VLWXDWLRQ��WKH�UHJLPHV�RI�LQWHUHVW�DUH�WKH�FRQGXFWLYH�
DQG� WKH� WUDQVLWLRQ�RQH��7KXV� UHVXOWV� REWDLQHG� LQ� WKH�FRQGXFWLYH� UHJLPH�ZLOO�EH� DSSURSULDWH�
IRU��RU�FORVH�WR��JODVV�IXUQDFHV��

�

&RQGXFWLYH�UHJLPH�

7KH�VWUXFWXUH�RI�WKH�YHORFLW\�DQG�WHPSHUDWXUH�ILHOGV�DUH�WKH�VLPSOHVW� LQ�WKH�FRQGXFWLYH�
UHJLPH��6LQFH� WKH� WHPSHUDWXUH�JUDGLHQW� LV�FRQVWDQW� �RI�RUGHU� /7 �∆ ��� DQG� WKH� IORZ�SDUDOOHO�
�H[FHSW�QHDU� WKH� VLGH�ZDOOV��� WKH�SUHVVXUH� ILHOG� LV�K\GURVWDWLF�ZLWK�D� WHPSHUDWXUH�GHSHQGHQW�
GHQVLW\��7KH�HTXDWLRQ�RI�PRWLRQ�LQ�WKH�EXON�UHGXFHV�WR�D�IRUFH�EDODQFH�DORQJ�WKH�ORQJLWXGLQDO�
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��ZKLFK�LV�HDVLO\�LQWHJUDWHG��7KH�PD[LPXP�YHORFLW\�UHDGV���
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/*U/5DX νκ −− ⋅=⋅= ��ZKHUH�*U � LV�WKH�*UDVKRI�QXPEHU�� 3U�5D*U = ���

7KLV�VLPSOH�DQDO\VLV�LV�FRQILUPHG�E\�DV\PSWRWLF�DQDO\VLV���

&RPSDULVRQ�ZLWK�FODVVLFDO�IRUPXODH�

7ULHU��TXRWLQJ�/H\HQV��H[SODLQV�WKDW�WKH�5D\OHLJK�QXPEHU��DV�ZHOO�DV�WKH�*UDVKRI�QXPEHU�FDQ�
EH�XVHG�DV�VLPLODULW\�SDUDPHWHUV��+RZHYHU�KH�GRHV�QRW�SUHFLVH�KRZ�GLIIHUHQW�TXDQWLWLHV�VFDOH��

,Q� DGGLWLRQ�� KH� VXJJHVWV� WKDW� WKH� SURGXFW� /+ �� � VKRXOG� EH� XVHG� LQ� WKH� 5D\OHLJK� �RU� WKH�
*UDVKRI��QXPEHU��$FFRUGLQJ�WR�RXU�DQDO\VLV��WKLV�VHHPV�LQDSSURSULDWH��

�

7KH�]HQLWKDOO\�KHDWHG�FDYLW\�

6LQFH� WKH� GLIIHUHQWLDOO\� KHDWHG� ORQJ� FDYLW\� LV� VWLOO� IDU� IURP� UHVHPEOLQJ� D� JODVV� IXUQDFH�� ZH�
VXJJHVW� D� VLPLODU�PRGHO�� VLPSOH�HQRXJK�IRU�FDOFXODWLRQ��EXW�VRPHZKDW�FORVHU� WR� UHDOLW\��:H�
FRQVLGHU� D� FORVHG� ER[�� ZLWK� DGLDEDWLF� VLGH� ZDOOV� DQG� ERWWRP�� ZLWK� D� KDOI�FRVLQH� LPSRVHG�
WHPSHUDWXUH�SURILOH�DORQJ�WKH�WRS�VLGH��)LJ���E���

7HPSHUDWXUH�ILHOG�ZLWKRXW�IORZ�

,Q�WKH�FRQGXFWLYH�UHJLPH��VLQFH�WKH�3UDQGWO�QXPEHU�LV�KLJK��WKH�YHORFLW\�ILHOG�DGMXVWV�WR�WKH�
WHPSHUDWXUH�ILHOG��$V�D�ILUVW�DSSUR[LPDWLRQ�� WKH�ODWWHU�FDQ�EH�HYDOXDWHG�ZLWK�WKH�VWDWLF�ILHOG��

ZKLFK� LV� D� VROXWLRQ� RI� WKH� /DSODFH� HTXDWLRQ� �� �� =∇ 7 �� LQ� WKH� EXON��ZLWK� WKH� DSSURSULDWH�

ERXQGDU\� FRQGLWLRQV� �� �� =∂∂ Q7 � DORQJ� WKH� DGLDEDWLF� VLGHV�� ��FRV����� /[777 π∆−= �

DORQJ�WKH�WRS�VLGH���7KLV�FDQ�EH�FDOFXODWHG�E\�)RXULHU�WUDQVIRUP�DQG�VHSDUDWLRQ�RI�YDULDEOHV��

2QH� ILQGV� IRU� WKH� GLPHQVLRQOHVV� WHPSHUDWXUH� θ � �� 
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ZKHUH�WKH�KRUL]RQWDO�DQG�YHUWLFDO�FRRUGLQDWHV� [ �DQG� \ �KDYH�EHHQ�QRUPDOL]HG�E\�WKH�KHLJKW�

+ RI� WKH�ER[� � +[[ �Ö = �� +\\ �Ö = ���7KH� VWUXFWXUH�RI� WKH� LVRWKHUPV� LV� ULFKHU� LQ� WKLV� FDVH�

WKDQ� LQ� WKH�GLIIHUHQWLDOO\� KHDWHG� FDYLW\� �� WKH\� V\PPHWULFDOO\� IDQ�RXW� IURP� WKH� FHQWHU�RI� WKH�
FDYLW\��)LJ���E���

6WUXFWXUH�RI�WKH�IORZ�

$V�H[SHFWHG��WKH�SHUWXUEDWLRQ�LQGXFHG�E\�WKH�YHORFLW\�ILHOG�WR�WKH�WHPSHUDWXUH�ILHOG�LV�VPDOO�
DW� ORZ�5D\OHLJK�QXPEHU��$V\PSWRWLF�DQDO\VLV�FDQ�EH�FDUULHG�RXW�DQG� OHDGV�WR�WKH�IROORZLQJ�
UHVXOW� DW� WKH� ORZHVW� RUGHU� LQ� 5D � ��
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$W�]HURWK�RUGHU�LQ� 5D ��WKH�VWUHDP�IXQFWLRQ�UHDGV��� [$\\\[ ÖVLQ��Ö�Ö
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� ππψ −= ��7KHVH�

IRUPXODH�LQGLFDWH�VRPH�VLPSOH�UHVXOWV��)LUVW�RI�DOO��FRPSDULVRQ�EHWZHHQ�DV\PSWRWLF�IRUPXODH�
VKRZ�WKDW�WKH�VFDOLQJ�LV�VLPLODU�WR�WKDW�VHHQ�LQ�WKH�GLIIHUHQWLDOO\�KHDWHG�FDYLW\��,Q�SDUWLFXODU��
WKH�PD[LPXP�YHORFLW\�DOVR�VFDOHV�OLNH� ��� /5D κ ��2QH�DOVR�VHHV�WKDW�WKH�UHOHYDQW�SDUDPHWHU�

WR�FODVVLI\� WKH�GLIIHUHQW�UHJLPHV� LV�DOVR� ��$5D ��)LQDOO\��ZLWK� LQFUHDVLQJ� 5D ��EHFDXVH�RI�WKH�
LQWHUSOD\�EHWZHHQ�YHORFLW\�DQG�WHPSHUDWXUH��LQ�RWKHU�ZRUGV��EHFDXVH�RI�FRQYHFWLRQ���



D�

E�

�
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WKH�WHPSHUDWXUH�ILHOG�ORRVHV�LWV�OHIW�ULJKW�V\PPHWU\��,VRWKHUPV�WHQG�WR�EH�YHUWLFDO�LQ�WKH�FROG�
SODFH��OLQHDU� WKHUPDO�JUDGLHQW��DQG� WR�EH�KRUL]RQWDO� LQ�WKH�KRW�SODFH� �VWDEO\�VWUDWLILHG���7KLV�
WHQGHQF\�LV�FRPPRQO\�REVHUYHG�LQ�JODVV�IXUQDFHV�VLPXODWLRQV���$V�H[SHFWHG��WKHVH�IRUPXODH�
ORRVH� WKHLU� YDOLGLW\� ZKHQ� WKH� 5D\OHLJK� QXPEHU� EHFRPHV� WRR� ODUJH�� EXW� WKH� PDLQ� IHDWXUHV�
UHPDLQ��)LJ������

�

&RQFOXVLRQ�

&RPSDULVRQ�RI�WZR�VLPSOH�PRGHOV�RI�QDWXUDO�FRQYHFWLRQ�LQ�D�ORQJ�FDYLW\�VKRZV�WKDW�WKH�
UHOHYDQW�VFDOLQJ�SDUDPHWHU� LV� WKH�5D\OHLJK��RU� WKH�*UDVKRI��QXPEHU�EDVHG�RQ�WKH�KHLJKW�RI�

WKH� FDYLW\� RQO\�� ,Q� SDUWLFXODU� WKH� PD[LPXP� EXON� YHORFLW\� LV� SURSRUWLRQDO� WR� /+ �� �� $�
PRGLILHG� YHUVLRQ� RI� WKH� XVXDO� GLIIHUHQWLDOO\� KHDWHG� FDYLW\�� QDPHO\� WKH� LQKRPRJHQHRXVO\�
]HQLWKDOO\� KHDWHG� FDYLW\� VKRZV� TXDOLWDWLYH� IHDWXUHV� VLPLODU� WR� WKRVH� REVHUYHG� LQ� GLUHFW�
VLPXODWLRQV� RI� JODVV� IXUQDFHV�� ,W� ZRXOG� EH� LQWHUHVWLQJ� WR� WHVW� WKH� LPSDFW� RI� YDULDWLRQV� RI�
SK\VLFDO�SURSHUWLHV�RI�WKH�IOXLG�LQ�WKLV�FRQILJXUDWLRQ��

:H�WKDQN�5��*HUPDU�IRU�QXPHURXV�GLVFXVVLRQV��
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��*��/H\HQV��*ODVWHFK��%HU������S��������������

��:��7ULHU��LQ�*ODVV�IXUQDFHV��GHVLJQ��FRQVWUXFWLRQ�DQG�RSHUDWLRQ��6RFLHW\�RI�*ODVV�7HFKQRORJ\��
6KHIILHOG���������

��%��%RHKUHU��,QW��-��+HDW�0DVV�7UDQVIHU�����S���������������

��'��(��&RUPDFN��/��*��/HDO�DQG�-��,PEHUJHU��-��)OXLG�0HFK������S��������������

��:��0XVFKLFN�DQG�(��0X\VHQEHUJ��*ODVWHFK��%HU��*ODVV�6FL��7HFKQRO������S��������������
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