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*ODVV�SODWHV�RI�GLIIHUHQW�WKLFNQHVV�DUH�IUDFWXUHG�LQ�D�XQLD[LDO�EHQGLQJ�WHVW�XQGHU�D�YDULHW\�RI�FRQGLWLRQV��
GLIIHUHQW� VXUIDFH� GDPDJHV�� DQG� UDWHV� RI� DSSOLHG� VWUHVV� DUH� FRQVLGHUHG�� 7KH� IUDFWXUH� VWUHVVHV�� WKH� FUDFN�

OHQJWKV�SULRU�WR�EUDQFKLQJ�DQG�WKH�VL]HV�RI�WKH�PLUURU�DUH�PHDVXUHG��$V�H[SHFWHG��WKH�H[SHULPHQWDO�UHVXOWV�

VKRZ�D�FRUUHODWLRQ�EHWZHHQ�WKH�IUDFWXUH�VWUHVV�DQG�WKHVH�IUDFWXUH�IHDWXUHV��7KH\�DOVR�UHYHDO�WKH�H[LVWHQFH�RI�

D� SRVVLEOH� WKUHVKROG� VWUHVV� EHORZ�ZKLFK� QR�PLUURU� ��PLVW� ERXQGDU\� QRU� EUDQFKLQJ� LV� IRXQG� IRU� EHQGLQJ�

IUDFWXUH�� $Q� DQDO\VLV� LV� SURSRVHG�� EDVHG� RQ� WKH� HODVWLF� HQHUJ\� VWRUHG� LQ� WKH� WHQVLOH� VWUHVV� UHJLRQ�� 7KH�

DQDO\VLV�H[SODLQV�WKH�H[LVWHQFH�RI�D�WKUHVKROG�VWUHVV��ZKLFK�GHSHQGV�RQ�WKH�JODVV�WKLFNQHVV��
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$V� GHVFULEHG� E\� -�%��4XLQQ�� DQG� '�.�� 6KHWW\� ����� WKHUH� H[LVWV� DQ� HPSLULFDO� UHODWLRQ�

EHWZHHQ�WKH�VWUHVV�DW�IUDFWXUH��σU��DQG�WKH�PLUURU�UDGLXV��UP��RU�WKH�OHQJWK�DW�EUDQFKLQJ��UE���
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$OWKRXJK� WKH� PLUURU� RU� EUDQFKLQJ� OHQJWK� FRQVWDQWV� $L� DUH� QRW� LQWULQVLF� SURSHUWLHV� RI� WKH�
PDWHULDO�� YDOXHV� UHSRUWHG� LQ� WKH� OLWHUDWXUH� DUH� DURXQG�$L� � ��03D�P

�����ZKDWHYHU� WKH� JODVV�
VXUIDFH� TXDOLW\�� WKH� HQYLURQPHQW�� WKH� ORDGLQJ� UDWH�� RU� WKH� ORDGLQJ� JHRPHWU\� �SXUH� WUDFWLRQ��
XQLD[LDO�RU�ELD[LDO�EHQGLQJ���7KLV�YDOXH�LV�URXJKO\�����WLPHV�WKDW�RI�WKH�WRXJKQHVV�RI�WKH�JODVV��

7KH� RULJLQ� VWUHVV� FRQVWDQWV� σ��L� DUH� IXQFWLRQ� RI� WKH� ORDGLQJ� JHRPHWU\�� ,Q� SXUH� WUDFWLRQ��

σ��L� ����
��� LQ� ELD[LDO� EHQGLQJ��σ��L� !� �� �

��� 7KHUH� DOVR� VHHPV� WR� EH� DQRWKHU� WHVW� GHSHQGHQW�

FRQVWDQW��WKH�WKUHVKROG�VWUHVV�σV�L��,W�FDQ�GHILQHG�DV�WKH�VPDOOHVW�VWUHVV�DW�IUDFWXUH��IRU�ZKLFK�D�
ILQLWH� PLUURU� UDGLXV� RU� EUDQFKLQJ� OHQJWK� LV� REVHUYHG�� +RZHYHU�� LQ� WKH� OLWHUDWXUH�� QR�
H[SODQDWLRQ�LV�JLYHQ�WR�MXVWLI\�WKH�H[LVWHQFH�RI�VXFK�VWUHVVHV��7KH�REMHFWLYH�RI�WKLV�SDSHU�LV�WR�
VWXG\�WKLV�SKHQRPHQRQ�DQG�WR�SURSRVH�DQ�LQWHUSUHWDWLRQ��
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,,��([SHULPHQWDO�3URFHGXUH�

7KH�REMHFWLYHV�RI�WKH�H[SHULPHQWDO�VWXG\�LV�WR�GHWHUPLQH�WKH�HIIHFW�RI�WKH�JODVV�WKLFNQHVV�
RQ�WKH�IUDFWRJUDSK\�SDUDPHWHUV��7ZR�VHULHV�RI�VRGD�OLPH�JODVV�VDPSOHV�DUH�LQYHVWLJDWHG��7KH�

GLPHQVLRQV� RI� WKH� JODVV� SODWH� DUH� ����PP�×�����PP��7KH� ILUVW� VHULHV� DUH� �����PP� WKLFN��
DQQHDOHG� JODVV� SODWHV��7KH� VHFRQG� VHULHV� DUH� �����PP� WKLFN�� DQQHDOHG� JODVV�SODWHV�� ,Q� ERWK�

FDVHV��WKH�PHDVXUHG�WHQVLOH�UHVLGXDO�FRUH�VWUHVV σF�LV�VPDOOHU�WKDQ�������03D���



'LIIHUHQW� FRQWUROOHG�GHIHFWV� DUH� XVHG� LQ� RUGHU� WR�REWDLQ� D�ZLGH� UDQJH� RI� IUDFWXUH� VWUHVVHV���
9LFNHUV�VWDWLF� LQGHQWDWLRQV� �WKH� ORDG�YDULHV� IURP����� WR����GD1���G\QDPLF� LQGHQWDWLRQV� �WKH�
GLDPRQG�ZHLJKW�LV�����J��WKH�GURSSLQJ�KHLJKW�YDULHV�IURP�����WR�����P���DQG�FXWWLQJ�GHIHFWV��

7KH� IRXU� SRLQW� EHQGLQJ� WHVW� LV� XVHG� IRU� WKH� VWXG\�� 7KH� DSSOLHG� VWUHVV� LV� XQL�D[LDO�� 7KH�
GLVWDQFH�EHWZHHQ�WKH�VXSSRUWLQJ�UROOHUV�LV�����PP��DQG�����PP�EHWZHHQ�WKH�ORDGLQJ�UROOHUV��
)RU�HDFK�WKLFNQHVV�� WKH�UHODWLRQ�EHWZHHQ�WKH�DSSOLHG�VWUHVV�DQG�WKH�ORDG�LV�HVWDEOLVKHG�RQFH�
XVLQJ� VWUDLQ� JDJHV�� 7KH� GLIIHUHQW� ORDGLQJ� UDWHV� XVHG� DUH�� ����03D�V�� ��������� 03D�V�� DQG�
����������03D�V��7KH� HQYLURQPHQW� FRQGLWLRQV� DUH� QRW� FRQWUROOHG�� ,Q� HDFK� FDVH�� WKH� IUDFWXUH�
VWUHVV��WKH�PLUURU�UDGLXV��DQG�WKH�EUDQFKLQJ�OHQJWK�DUH�UHFRUGHG��
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)LJXUH���2EOLTXH�VFKHPDWLF�UHSUHVHQWDWLRQ�RI�PHDVXUHG�IHDWXUHV�
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)LJXUHV���DQG���DUH�JUDSKV�RI�WKH�IUDFWXUH�VWUHVV�YHUVXV�WKH�UHFLSURFDO�VTXDUH�URRW�RI�WKH�
PLUURU�UDGLXV�DQG�WKH�EUDQFKLQJ�OHQJWK��
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)LJXUH����)UDFWXUH�VWUHVV�YHUVXV�UHFLSURFDO�VTXDUH�URRW�RI�KDOI�WKH�FUDFN�OHQJWK�DW�
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$� UHFWLOLQHDU� FUDFN� IURQW� WKURXJK� WKH� JODVV� WKLFNQHVV� LV� FRQVLGHUHG�� ,W� LV� WUHDWHG� LQ� WKH�
FDVH�RI�D�XQL�D[LDO�EHQGLQJ�VWUHVV��VHOI�HTXLOLEUDWHG�WKURXJK�WKH�WKLFNQHVV��:H�DVVXPH�WKDW�WKH�
SURSDJDWLRQ�RI�WKH�FUDFN� LV�FRQWUROOHG�E\�WKH�VWUHVV�LQWHQVLW\�IDFWRU��6,)��DW�WKH�LQWHUVHFWLRQ�
RI� WKH� FUDFN� IURQW�ZLWK� WKH�JODVV� VXUIDFH��ZKHUH� WKH� WHQVLOH� VWUHVV� LV�PD[LPXP��.PD[���7KLV�
6,)� LV� FDOFXODWHG� QXPHULFDOO\� IURP� WKH� FRQWRXU� LQWHJUDO� -� ��� WDNLQJ� LQWR� DFFRXQW� WKH� FUDFN�
FORVXUH� LQ� WKH� FRPSUHVVLRQ� ]RQH��XVLQJ� WKH�$EDTXV� VRIWZDUH��7KH�6,)� FDQ�EH�ZULWWHQ�DV� D�
IXQFWLRQ�RI�WKH�PD[LPDO�WHQVLOH�VWUHVV��DQG�WKH�FUDFN�OHQJWK��D��E\�LQWURGXFLQJ�D�VKDSH�IDFWRU�
�<S�� WKH� LQGH[� S� VWDQGV� IRU� WKH� NLQG� RI� VWUHVV� SURILOH� WKURXJK� WKH� JODVV� WKLFNQHVV���<S� LV� D�
IXQFWLRQ�RI�WKH�SODWH�WKLFNQHVV�WR�FUDFN�OHQJWK�UDWLR��H�D���DQG�WKH�JODVV�3RLVVRQ�FRHIILFLHQW�

�ν���<S�LV�FDOFXODWHG�QXPHULFDOO\�IURP�HTXDWLRQ������DQG�SORWWHG�LQ�ILJXUH����LQ�WKH�FDVH�RI�XQL�
D[LDO�EHQGLQJ��

DDH<. S
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,Q�ILJXUH����ZH�QRWH�WKDW��ZKHQ�WKH�FUDFN�OHQJWK�LV� ODUJH�LQ�IURQW�RI�WKH�JODVV�WKLFNQHVV��IRU�
H[DPSOH�IRU��H�D�����������WKH�VKDSH�IDFWRU�FDQ�EH�ZULWWHQ�LQ�WKH�IRUP��

� DH< �α= � ����

)RU� WKH� XQL�D[LDO� EHQGLQJ� FDVH�� ZH� ILQG� α�  � ������ (TXDWLRQV� ���� 	� ���� OHDG� WKHQ� WR�
HTXDWLRQ������

H. ××= σαPD[ � ����



7KH�HODVWLF�HQHUJ\�VWRUHG�LQ�WKH�WHQVLOH�]RQH�IRU�D�XQL�D[LDO�EHQW�SODWH�FDQ�EH�VFDOHG�ZLWK���
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7KLV� VKRZV� WKDW�� IRU� D� ORQJ� �WKURXJK� WKH� WKLFNQHVV�� FUDFN� LQ� D� XQL�D[LDOO\� EHQW� SODWH�� WKH�
HYDOXDWLRQ�RI� WKH�6,)� IURP� WKH� HQHUJ\� VWRUHG� LQ� WKH� WHQVLOH� ]RQH� LV� YDOLG��7KLV�YDOLGLW\�KDV�
DOUHDG\�EHHQ�VKRZQ�LQ�WKH�FDVH�RI�SODWHV�ZLWK�D�V\PHWULF�UHVLGXDO�VWUHVV�ILHOG��LQ�WKHUPDO�DQG�
FKHPLFDO�WHPSHULQJ�����
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)LJXUH����6KDSH�IDFWRU�DV�D�IXQFWLRQ�RI�WKH�VTXDUH�URRW�RI�H�D��FDOFXODWHG�QXPHULFDOO\�IRU�D�

FUDFN�XQGHU�GLIIHUHQW�EL�D[LDO�VWUHVV�ILHOG��IRU�GLIIHUHQW�JODVV�SODWH�WKLFNQHVV���¸��
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([SHULPHQWDO�GDWD�RI�ILJXUHV���	���DUH�PRUH�VFDWWHUHG�WKDQ�WKDW�RI�-�%�4XLQQ�IRU�EL�D[LDO�
EHQGLQJ� ��� *LYHQ� WKLV� VFDWWHULQJ�� WKH� $L� YDOXHV� RI� HTXDWLRQ� ���� VHHP� WR� EH� URXJKO\�
LQGHSHQGHQW�RI�JODVV�WKLFNQHVV���$P�a�����03D�P

ó��DQG�$E�a���03D�P
ó��)URP������$P� �$E�

a���03D�Pó��2Q�WKH�FRQWUDU\��WKH�VWUHVVHV�DW�WKH�RULJLQ��σ��L��DQG�WKH�WKUHVKROG�VWUHVVHV��σV�L��
VHHP� WR�GHSHQG�RQ� WKH�JODVV� WKLFNQHVV��7KH�KLJKHU� WKH� JODVV� WKLFNQHVV�� WKH� ORZHU� WKH\� DUH��

7KLV�LV�QRW�VXUSULVLQJ��LI�ZH�ORRN�DW�WKH�PRGHOLQJ�UHVXOWV��,QGHHG��ZH�VXJJHVW�WKDW�σ��L�LV�WKH�

ORZHVW�EHQGLQJ�VWUHVV�ZKLFK�OHDGV�WR�IUDFWXUH�ZLWKRXW�DQ\�PLVW�]RQH�RU�ELIXUFDWLRQ��DQG�σV�L�LV�
WKH�ORZHVW�EHQGLQJ�VWUHVV�ZKLFK�OHDGV�WR�IUDFWXUH�ZLWK�D�PLVW�]RQH�DQG�D�ELIXUFDWLRQ���(DFK�
FDVH� FRUUHVSRQGV� UHVSHFWLYHO\� WR� .PD[�  � .F�� DQG� .PD[ .P� RU� .E�� ZKHUH� .F� LV� WKH� JODVV�
WRXJKQHVV�� DQG� .P� DQG� .E� WKH� 6,)� FRUUHVSRQGLQJ� WR� WKH� PLUURU�PLVW� WUDQVLWLRQ� DQG� WKH�
ELIXUFDWLRQ�� ,Q� WKH�FDVH�RI�VRGD�OLPH�JODVV��.F� ������03D
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03D���� ��� 6XFK� VWUHVVHV� FDQ� EH� FDOFXODWHG� IURP� HTXDWLRQ� ����� 7KH� FDOFXODWHG� YDOXHV�
RYHUHVWLPDWH� WKH� H[SHULPHQWDO� RQHV� �WDEOH� ����2QH� UHDVRQ�PLJKW� EH� WKDW� WKH� FRUH� UHVLGXDO�

VWUHVV��σF���RU�WKH�PHPEUDQH�VWUHVV��σD��RI�WKH�EHQGLQJ�WHVW�LWVHOI�KDYH�QRW�EHHQ�FRQVLGHUHG�LQ�



WKH� FDOFXODWLRQ� RI� .PD[�� 2QH� ODVW� VXJJHVWLRQ� ZRXOG� WKHQ� EH� WR� PRGLI\� HTXDWLRQ� ���� LQWR�
HTXDWLRQ������7KLV�PRGLILFDWLRQ�LV�QRW�WUHDWHG�LQ�WKLV�SUHVHQW�SDSHU��

� � 0LUURU� %LIXUFDWLRQ�
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H[SHULPHQWDO� ����� ���� ����� ����σ��L��03D��
FDOFXODWHG�IURP�HT������ ����� ����� ����� �����

H[SHULPHQWDO� ����� ����� ����� �����σV�L��03D��

FDOFXODWHG�IURP�HT������ ����� ����� ����� �����
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ZLWK�α� �������β� �����������DQG�IRU�H[DPSOH�γ �������
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,W�LV�VKRZQ�WKDW��LQ�D�XQL�D[LDO�EHQGLQJ�WHVW��WKH�VL]HV�RI�WKH�PLUURU�DQG�WKH�FUDFN�EUDQFK�
IROORZ� WKH� VDPH� NLQG� RI� UHODWLRQVKLS� DV� GHVFULEHG� E\� -�%�4XLQQ�� LQ� D� EL�D[LDO� WHVW� ��� 7KH�
SDUDPHWHUV�LQ�WKLV�UHODWLRQ�GHSHQG�RQ�WKH�JODVV�WKLFNQHVV��7KH�PRGHOLQJ�RI�WKH�6,)�RI�D�FUDFN�
LQ� D� SODWH� LV� VXJJHVWHG� WR� H[SODLQ� WKLV� GHSHQGHQF\��$W� WKH� UHFWLOLQHDU� IURQW� RI� D� ORQJ� FUDFN�
WKURXJK�WKH�JODVV�WKLFNQHVV��WKH�6,)�GHSHQGV�RQO\�RQ�WKH�EHQGLQJ�VWUHVV�DQG�RQ�WKH�VTXDUH�
URRW�RI�WKH�JODVV�WKLFNQHVV��,W�LV�YHULILHG�WKDW�WKLV�6,)�FDQ�DOVR�EH�HVWLPDWHG�DQDO\WLFDOO\�XVLQJ�
WKH�HODVWLF�HQHUJ\�VWRUHG�LQ�WKH�WHQVLOH�]RQH��
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��'�.�6KHWW\��-$&6�&RPP���S��&����&�������������

��+�'��%XL��LQ�0pFDQLTXH�GH�OD�UXSWXUH�IUDJLOH��HGLWHG�E\�0DVVRQ���������

��(��/H�%UDV�LQ�;,9�,QWO��&RQJU��RQ�*ODVV��������S�����������

��2��*DXPH�LQ�;,;�,QWO��&RQJU��RQ�*ODVV��������S�����������

��)�.HUNKRI��+��5LFKWHU�LQ��QG�,QW��&RQI��RI�)UDFW���HGLWHG�E\�&KDSPDQ�	�+DOO��������S�����������

��%��/DZQ��LQ�)UDFWXUH�RI�EULWWOH�VROLGV��HGLWHG�E\�(�$��'DYLV���&DPEULGJH�6ROLG�6WDWH�6FLHQFH�
6HULHV��������������
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