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7KH� LQYHVWLJDWLRQV� RI� LQWHUUHODWLRQV� EHWZHHQ� FRPSRVLWLRQ� DQG� SURSHUW\� RI� JODVVHV� DUH�
SUHYDLOLQJ� IRU� XQGHUVWDQGLQJ� RI� WKH� JODVV�IRUPDWLRQ� UHJXODULW\�� QDWXUH� DQG� VWUXFWXUDO�
VSHFLDOOLW\�RI�WKH�JODVV\�VWDWH��7KH�SUREOHP�LV�QRW�VR�GLIILFXOW��ZKHQ�JODVV�IRUPLQJ�RFFXUV�DW�
WKH� FRPSDUDWLYHO\� ORZ� WHPSHUDWXUHV� �����������&��� DOORZLQJ� WR� SUHSDUH� UHVHDUFK� VDPSOHV�
UHODWLYHO\�HDV\��7KH�LQYHVWLJDWLRQ�RI�UHIUDFWRU\�JODVV�IRUPLQJ�V\VWHPV��ZKHQ�WKH�JODVV�IRUPLQJ�
RFFXUV� DW� WKH� WHPSHUDWXUH� RYHU� ����������&� LV� TXLWH� GLIIHUHQW� WDVN�� )RU� H[DPSOH� JODVV�
IRUPLQJ�EDVLV�RI�VR�FDOOHG�¶JUDGHG�JODVVHV·�LV�MXVW�WKH�VDPH��7KH\�FRUUHVSRQG�WR�KLJK�VLOLFHRXV�
SDUW� RI� $O�2��%�2��6L2�� V\VWHP�� ZKHUH� WKH� 6L2�� SHUFHQWDJH� LV� LQWR� ������ PDVV� ��� 7KH�
DQDO\VLV� RI�RXU� LQYHVWLJDWLRQV�GHPRQVWUDWHG�� WKDW� HYHQ�ZLWK� WKH� KHOS�RI� OLPLWHG�TXDQWLW\� RI�
SRLQWV�H[LVWLQJ�RQ�WKH�FRPSRVLWLRQ�SURSHUWLHV�GLDJUDP�DQG�XVLQJ�PDWKHPDWLFDO�PHWKRGV�RI�
SODQQLQJ�RI�H[SHULPHQW�LV�SRVVLEOH�WR�UHSUHVHQW�DOO�JODVV�FKDUDFWHULVWLFV��,Q�WKLV�ZRUN�ZH�WULHG�
WR� FDOFXODWH� /(7&�� GHQVLW\�� YLVFRVLW\� DQG� HOHFWULFDO� FRQGXFWLRQ� RI� $O�2��%�2��6L2�� JODVV�
V\VWHP�LQ�WKH�UDQJH�ZKHUH�WKH�SHUFHQWDJH�RI�$O�2��LV������PDVV����%�2��LV�������PDVV���DQG�
6L2���������PDVV����E\�WKH�PHWKRG�RI�6KHIIH�VLPSOH[�ODWWLFHG�SODQHV��5HVXOWV�RI�DFFRXQWV�
GHPRQVWUDWH�JRRG�FRUUHODWLRQ�EHWZHHQ�FDOFXODWHG�DQG�H[SHULPHQWDO�GDWD��

�

,Q�RUGHU�WR�XQGHUVWDQG�UHJXODULW\�RI�JODVV�IRUPLQJ�� VWUXFWXUH�IHDWXUHV��SK\VLFDO�FKHPLFDO�
EHKDYLRU�RI�JODVVHV�WKH�UHVHDUFK�RI�FRPSRVLWLRQ�SURSHUW\�FRUUHODWLRQ�LV�XVHG�YHU\�ZLGHO\��7KH�
SUREOHP� LV� QRW� VR� GLIILFXOW�� ZKHQ� JODVV�IRUPLQJ� RFFXUV� DW� FRPSDUDWLYHO\� ORZ� WHPSHUDWXUHV�
������ �� ����R&��� 7KLV� WHPSHUDWXUH� UDQJH� LV� PRUH� RU� OHVV� DYDLODEOH� IRU� SUHSDUDWLRQ� RI� WKH�
VDPSOHV�� ZKLFK� FDQ� EH� WHVWHG� E\� GLUHFW� PHWKRGV� RI� SK\VLFDO�FKHPLFDO� DQDO\VLV�� 7KH�
LQYHVWLJDWLRQ� RI� JODVV�IRUPLQJ�� ZKHQ� WKLV� SURFHVV� RFFXUV� DW� WKH� WHPSHUDWXUH� RYHU� �����
����û&��LV�TXLWH�GLIIHUHQW�WDVN��)RU�H[DPSOH��JODVV�IRUPLQJ�EDVLV�RI�VR�FDOOHG�´JUDGHG�JODVVHVµ�
LV�MXVW�OLNH�WKDW��7KH\�FRUUHVSRQG�WR�KLJK�VLOLFHRXV�SDUW�RI�$O�2��%�2��6L2��V\VWHP��ZKHUH�WKH�
6L2��SHUFHQWDJH� LV� LQWR�������PDVV����7KH�DQDO\VLV�RI�RXU� LQYHVWLJDWLRQV�GHPRQVWUDWH�� WKDW�
XVLQJ� OLPLWHG� TXDQWLW\� RI� WKH� H[SHULPHQWDO� SRLQWV�� ORFDWHG� RQ� WKH� FRPSRVLWLRQ�SURSHUWLHV�
GLDJUDP�� LW� LV� SRVVLEOH� WR� UHSUHVHQW� WKH� DOO� JODVV� FKDUDFWHULVWLFV� ZLWK� KHOS� RI� PDWKHPDWLFDO�
PHWKRGV�RI�SODQQLQJ�RI� WKH�H[SHULPHQW�� ,Q� WKLV�ZRUN�XVLQJ� WKH�PHWKRG�RI� 6KHIIH� VLPSOH[�
ODWWLFHG�SODQHV�ZH�WULHG�WR�FDOFXODWH�/(7&��GHQVLW\��YLVFRVLW\�DQG�HOHFWULFDO�FRQGXFWLRQ�RI�WKH�
$O�2��%�2��6L2�� JODVV� V\VWHP� LQ� WKH� UDQJH�ZKHUH� WKH� SHUFHQWDJH� RI�$O�2�� LV� �����PDVV���
%�2��LV������PDVV���DQG�6L2��LV��������PDVV����,Q�WKLV�FRQQH[LRQ�LW�LV�QHFHVVDU\�WR�QRWLFH�
WKH�IROORZLQJ�FLUFXPVWDQFHV��

��� 'HSHQGHQFH�RI�DERYH�PDUNHG�SURSHUWLHV�RQ�FRPSRVLWLRQ�LV�UDWKHU�FRPSOLFDWHG�DQG�FDQ�
QRW�EH�GHVFULEHG�E\�WKH�ORZ�SRZHU�SRO\QRPLDO��



��� $W�PHDVXUHPHQW�RI�YLVFRVLW\�FRPSRVLWLRQ�RI�PDQ\�VHOHFWHG�E\�XV�WULDQJOH�JODVVHV����6L2��
²�������$O�2��²�������6L2���������%�2������@��6L2��ZHUH�FU\VWDOOL]HG��7KHUHIRUH�WKH�
GDWD� RI� WKHVH� JODVVHV� IRU� VLPSOH[� ODWWLFHG� SODQH� ZHUH� REWDLQHG� E\� H[WUDSRODWLRQ� RI�
FRUUHVSRQGLQJ� JUDSKLFDO� FRQVWUXFWLRQ��%HVLGHV�� LQ� FDVH�RI� WKH� YDOXHV�RI� UHVSRQVHV�ZHUH�
REWDLQHG�E\�JUDSKLFDO�PHWKRG��WKH�H[SHULPHQWDO�GDWD�ZHUH�XVHG�DV�DQ�DGGLWLRQDO�GDWD�IRU�
WHVWLQJ�RI�DGHTXDF\�RI�REWDLQHG�IRUPXODV���

7KH� FDOFXODWLRQV� VKRZHG� WKDW� WKH� IRUPXODV� IRU� WKH�SURSHUWLHV� RI� WKH� DERYH²PHQWLRQHG�
JODVVHV�� REWDLQHG�E\� FXELF�SRO\QRPLDO��GR�QRW�SURYLGH�D� UHTXLUHG�SUHFLVLRQ��7KHUH� DUH� WZR�
SRVVLELOLWLHV� IRU� LQFUHDVLQJ� RI� WKH� DFFXUDF\�� HLWKHU� FRPSOLFDWLRQ� RI� WKH� SRO\QRPLDO� RU�
QDUURZLQJ� RI� UHJLRQ� RI� WKH� JODVV� FRPSRXQGV�� :H� FKRRVH� WKH� VHFRQG� RQH�� DV� WKH� PRVW�
HIILFLHQW�� �)RU�H[DPSOH��IRU�VHYHUDO�JODVV�FRPSRXQGV�ZH�QDUURZHG�WKH�UHJLRQ�XS�WR� >�6L2��
����$O�2��������6L2��������%�2������@�²�6L2���

7KXV�WKH�IRUPXOD�RI�/(7&�LQWR��������&�LV�SUHVHQWHG�DV���
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$V� LV� REYLRXV�� WKLV� LV� WKH� FXELF� SRO\QRPLDO� DQG� LW� LV� FRUUHFW� IRU� WKH� WULDQJOH�� �6L2��
����%�2�������6L2���6L2������$O�Û��������,Q�IRUPXOD�����;� %�Û������;� �$O�Û������
DQG�;� ����=������ZKHUH�=� LV� VXP�RI�SHUFHQW�E\�ZHLJKWV�RI�%�Û��DQG�$O�Û��RU�=� �����
>6L2�@��7KH�R[LGHV��SUHVHQWHG�LQ�EUDFNHWV�DUH�WKH�FRUUHVSRQGLQJ�R[LGHV�LQ�PDVV���7KH�UHVXOWV�
RI� WHVWLQJ� RI� WKH� PDWKHPDWLFDO� PRGHO� DGHTXDF\� IRU� WKH� H[DPLQHG� JODVVHV� WR� WKH� /(7&�
GHSHQGHQFH�DUH�SUHVHQWHG�LQ�7DEOH����
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5HSURGXFLELOLW\�RI� WKH�PHDVXUHPHQWV� LV�����[����×���� �:KHQ�WKH�QXPEHU�RI�SDUDOOHO�
H[SHULPHQWV�LV�Q ��DQG�UHSURGXFLELOLW\�GLVSHUVLRQ�LV�6�\ ������WKH�YDOXH�RI�6WXGHQWV�FULWHULRQ��
FDOFXODWHG�E\�IRUPXOD��

������������������������������������������ ξα +∆= ��
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LV�HTXDO�WR������,W�FDQ�EH�VHHQ�IURP�7DEOH����WKDW�H[SHULPHQWDO�YDOXHV�RI�WH[S��DUH�VPDOOHU�WKDQ�
WKLV� YDOXH�� ,W� FRQILUPV� DQ� DGHTXDF\� RI� WKH�PDWKHPDWLFDO�PRGHO��7KHVH� GDWD� VKRZ� WKDW� WKH�
GHSHQGHQFH� RI� GHQVLW\� RQ� WKH� 6L2�� LV� FRPSOLFDWHG� LI� WKH� ZHLJKW� FRUUHODWLRQ� RI� %�Û�� DQG�



$O�Û��LV�HTXDO�WR������%HFDXVH�RI�WKLV��DV�LQ�FDVH�RI�/(7&��WKH�VLPSOH[�ZDV�FRQWUDFWHG�XS�WR�
����RI�6L2��FRQWHQW���7KH�IROORZLQJ�HTXDWLRQ�ZDV�REWDLQHG��

G�� �����;�������;�������;�−������;�;��������;�;�−����;�;�−��������;�;��;��
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,Q�7DEOH���FRPSDULVRQ�RI�WKH�H[SHULPHQWDO�DQG�FDOFXODWHG�GDWD�RQ�GHQVLW\�DUH�SUHVHQWHG��
7KH�YDOXH�RI�;���;���;��LV�GHWHUPLQHG�OLNH�EHIRUH��
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,W� FDQ� EH� VHHQ� IURP� WKH�7DEOH� ��� WH[S�� LV� DOZD\V� VPDOOHU� WKDQ� WDEXODU� RQH��ZKLFK� LV�a����E\�

IRUPXOD������ZKHQ�Q ���6�\ ������DQG��_∆G_ ������WKLV�FRUUHVSRQG�WR�SUREDELOLW\�a������

�� 7KH�HTXDWLRQ�IRU�WHPSHUDWXUH�RI������&�ZDV�GHULYHG�IRU�WKH�HOHFWUR�FRQGXFWLYLW\�DQG�
IRU�YLVFRVLW\��$W������&���
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5HVXOWV� RI� WKH� WHVWLQJ� RI� HTXDWLRQ� ���� VXLWDELOLW\� DUH� SUHVHQWHG� LQ� 7DEOH� ��� ,W� LV�
FRUUHFWO\� IRU� EURDG� UHJLRQ� RI� FRPSRVLWLRQV� WKDQ� HTXDWLRQV� IRU� /(7&� >HTXDWLRQ� ���@� DQG�
GHQVLW\� >HTXDWLRQ� ���@�� ,W� FRYHUV� WULDQJOH� �6L2������$O�2�������6L2���6L2������%�2��
������$W�WKDW��;���;����DQG�;��LV�SRVVLEOH�WR��GHWHUPLQH�E\�IRUPXODV��
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7KH�WDEXODU�YDOXH�W7� LV�HVWLPDWHG�DV�a����DW�Q ���6
�
\ �������,W�FDQ�EH�VHHQ�IURP�WKH�

7DEOH� ��� DOO� WH[S�YDOXHV� DUH� VPDOOHU� WKDQ� WKLV� OLPLW�� ,W� PHDQV� WKDW� WKH� SUREDELOLW\� RI�
GHWHUPLQDWLRQ�RI�WKH��OJχ�ZLWK�DFFXUDF\�������LV�PRUH�WKDQ������

7KH� FRPSOLFDWHG� GHSHQGHQFH� RI� YLVFRVLW\� RQ� WKH� LQYHVWLJDWHG� JODVV� FRPSRVLWLRQV�

FDXVHV�WKH�QDUURZLQJ�RI�WKH�WULDQJOH�XS�WR�Σ>5�2�@ ����� L�H�� �DV� LQ� WKH�FDVH�RI�/(7&�DQG�
GHQVLW\��LW�LV�QHHG�WR�XVH��6L2������%�Û�������6L2���6L2������$O�2��������WULDQJOH��DQG�
WKH�FXELF�SRO\QRPLDO��7KH�IROORZLQJ�IRUPXOD�LV�REWDLQHG�IRU�����û&��
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7KH�UHVXOWV�RI� WKH�WHVWLQJ�RI�WKLV�IRUPXOD�DGHTXDF\�SUHVHQWHG� LQ�7DEOH����7KH�WDEOH�

VKRZV�WKDW�WH[S��LV�DOZD\V�VPDOOHU�WKDQ�WDEXODU�RQH��ZKLFK�LV�HTXDO�WR�a����DW�∆OJη ������Q ��
DQG� � 6�\ ����� �� ,W�PHDQV� WKDW� OJη� FDQ� EH� FDOFXODWHG�E\� WKH� IRUPXOD� ����ZLWK� SUREDELOLW\�a�
�����
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7KXV�� WKH� PDWKHPDWLFDO� PRGHOV� RI� GHSHQGHQFH� RI� WKH� /(7&�� GHQVLW\�� HOHFWUR�
FRQGXFWLYLW\� DQG� YLVFRVLW\� RQ� KLJK�VLOLFHRXV� JODVVHV� FRPSRXQGV� �IRUPXODV� ����� ����� ���� DQG�
�����SHUPLW�WR�FDOFXODWH�WKH�YDOXH�RI�WKHVH�SURSHUWLHV�ZLWK�WROHUDEOH�IRU�SUDFWLFH�SUHFLVLRQ���

&XUUHQW�KLJK�VLOLFHRXV�JODVV�YLVFRVLW\�YDOXHV�RI�WKH�$O�2��%�2��6L2��V\VWHP�SHUPLW�WR�
GHYHORS�IRUPXOD�IRU�FDOFXODWLRQ�RI�WHPSHUDWXUH�RI�VWDUW�RI�WKH�GHIRUPDWLRQ�²�7VG����

,W� LV� NQRZQ�ZHOO�� WKDW� WKLV� WHPSHUDWXUH� LV� EHWZHHQ� WHPSHUDWXUHV� FRUUHVSRQGLQJ� WR�
YLVFRVLW\� RI� ���������� SRLVH�� 7DNLQJ� � 7VG� DV� WKH� WHPSHUDWXUH� DW� ZKLFK� WKH� YLVFRVLW\� RI� RXU�
JODVVHV� LV� ������� SRLVH�� DQG� GHILQLQJ� WKLV� WHPSHUDWXUH� E\� ZHOO�NQRZQ� HTXDWLRQ� RI� VLPSOH�
H[SRQHQW�IRU�HDFK�JODVV�SURWRW\SH��LW�LV�SRVVLEOH�WR�GHULYH�HTXDWLRQ�IRU�FDOFXODWLRQ�RI�7VG��

7VG� ����;������;������;�������;�;��������;�;������;�;��������;�;��;��;����
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� (TXDWLRQ� ���� LV� ULJKW� IRU� 6L2������ DQG� ��$O�2��%�2������� JODVVHV�� 7KH�
FRPSDULVRQ�RI� FDOFXODWHG�DQG� H[SHULPHQWDO� YDOXHV�RI�7VG� IRU� VRPH�JODVVHV� DUH�SUHVHQWHG� LQ�
7DEOH����
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7VG��FDOF��
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7VG�FDOF�
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∆7VG�û&� ���� ��� �� ��

7H[SHU�� ����� ����� ����� �����
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$W�FDOFXODWLRQ�RI�7VG�ZLWK�DFFXUDF\����
û&��6�\� ����DQG�Q ��WDEXODU�YDOXH�7VG�LV������

ZKDW�FRUUHVSRQGV�WR�����SUREDELOLW\��3UHVHQWHG�LQ�7DEOH���GDWD�VKRZ�WKDW�WH[S�IRU�WKH�FRQWURO�
JODVVHV� DUH� DOZD\V� VPDOOHU� WKDQ� WDEXODU� YDOXHV�� ZKDW� FRQILUPV� WKH� DGHTXDF\� RI� GHULYHG�
HTXDWLRQ������

7KXV�� VXPPDUL]LQJ� WKH� REWDLQHG� UHVXOWV�� ZH� FDQ� HVWDEOLVK� WKDW� WKH� XVHG� PRGHO� RI�
H[SHULPHQW�SODQQLQJ�E\�WKH�PHWKRG�RI�6KHIIH�SHUPLWV� WR�FDOFXODWH�DQG�WR�REWDLQ�ZLWK�����
SUREDELOLW\� DQG� ZLWK� PLQLPDO� TXDQWLW\� RI� H[SHULPHQWDO� SRLQWV� WKH� FRPSRVLWLRQ�SURSHUWLHV�
FRUUHODWLRQ�IRU�WKH�JODVVHV�RI�KLJK�VLOLFHRXV�SDUW�RI�$O�2��%�2��6L2��V\VWHP��
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