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:H�DUH�JRLQJ�WR�SUHVHQW�D�VWXG\�DERXW�WKH�PRGHOLQJ�DQG�WKH�WKHUPDO�FKDUDFWHUL]DWLRQ�RI�VHPL�WUDQVSDUHQW�

PHGLD�PDGH�RI�VLOLFD�ILEHUV��:H�VKDOO�EH�SDUWLFXODUO\�LQWHUHVWHG�LQ�WKH�UDGLDWLI�KHDW�WUDQVIHU�DQG�LQ�WKH�LQWHUDFWLRQV�

EHWZHHQ� WKH� UDGLDWLRQ� DQG� WKH�PDWHULDO�� 7KH� WUDQVPLVVLRQ� DQG� WKH� UHIOHFWLRQ� RI� WKH� UDGLDWLRQ� DUH�PHDVXUHG� RQ�

FRPPHUFLDO� GHYLFHV� ZRUNLQJ� ZLWK� VSHFLILF� GHYLFHV� GHYHORSHG� E\� WKH� /(07$�� 7KH� DLP� RI� WKLV� VWXGLHV� LV� WR�

LPSURYH� WKH� SHUIRUPDQFHV� RI� EXLOGLQJ� KHDW� LQVXODWRUV� DQG� RI� PDWHULDOV� XVHG� XQGHU� VWURQJ� WKHUPLF� JUDGLHQWV��

7\SLFDO�H[DPSOH�DUH� UHVLVWDQFH� WR� ILUH�� VSDWLDO� HQJLQHV�PDWHULDOV�EHKDYLRXU��7UDQVLHQW� QDWXUH�RI�FRPELQHG�KHDW�

WUDQVIHU� E\� UDGLDWLRQ� DQG� FRQGXFWLRQ� LQ� D� ILEURXV� PHGLXP� LV� VWXGLHG� ZLWK� WHPSHUDWXUH� RU� IOX[� ERXQGDU\�

FRQGLWLRQV�� 7KH� PRQRFKURPDWLF� VFDWWHULQJ� DQG� DEVRUSWLRQ� FRHIILFLHQWV� DV� ZHOO� DV� WKH� SKDVH� IXQFWLRQ� DUH�

FDOFXODWHG�XVLQJ�WKH�0LH�WKHRU\��7KH�HTXDWLRQV�PRGHOOLQJ�KHDW�WUDQVIHUV�DUH�VROYHG�XVLQJ�D�XQLGLPHQVLRQDO�PRGHO�

ZLWK� QXPHULFDO� PHWKRGV� EDVHG� RQ� D� GLVFUHWL]DWLRQ� RI� WKH� PHGLXP�� 6LPXODWLRQ� UHVXOWV� DUH� SUHVHQWHG� IRU� DQ�

LQVXODWRU� OD\HU� PDGH� RI� VLOLFD� ILEHUV�� 7KH� VWXG\� SUHVHQWHG� KHUH� FRQFHUQV� WKH� FKDUDFWHUL]DWLRQ� RI� ILEURXV�

LQVXODWLRQV��EXW�WKHRU\�DQG�H[SHULPHQWDO�DSSDUDWXV�FDQ�EH�XVHG�IRU�DOO�WKH�VHPL�WUDQVSDUHQW�PHGLD��

�

$QDO\VLV�

,QWURGXFWLRQ�

7KH� LPSURYHPHQW�RI� WKH� WKHUPDO�SURSHUWLHV�RI� D�PDWHULDO�QHHGV�D�JRRG�XQGHUVWDQGLQJ�RI� WKH�
SK\VLFDO� SKHQRPHQD� UHVSRQVLEOH� RI� KHDW� WUDQVIHU�� 7KH� VWXGLHG�PDWHULDOV� DUH�PDGH� RI� WZR� SKDVHV��
VLOLFD�ILEHUV�DQG�DLU��VLWXDWHG�EHWZHHQ�ILEHUV���

$W� URRP� WHPSHUDWXUH�� ZH� FDQ� QHJOHFW� WKH� FRQYHFWLRQ� LQVLGH� WKH� PHGLXP�� ZH� VKDOO� KDYH� WR�
FRQVLGHU�RQO\�WKH�WUDQVIHUV�RI�KHDW�E\�FRQGXFWLRQ�DQG�UDGLDWLRQ��+HDW�FRQGXFWLRQ�RI�LQVXODWRUV�PDGH�
WKH�REMHFW�RI�QXPHURXV�VWXGLHV�DW�6DLQW�*REDLQ�UHVHDUFK�FHQWHU���

&RQGXFWLRQ�LQ�ILEURXV�PHGLD�LV�GXH�WR�FRQGXFWLRQ�LQ�DLU�DQG�FRQGXFWLRQ�WKURXJKW�WKH�ILEHUV�LQ�
FRQWDFW��:H�DUH�JRLQJ�WR�SUHVHQW�KHUH�WKH�PHWKRGV�XVHG�IRU�WKH�VWXG\�RI�WKH�UDGLDWLYH�WUDQVIHU��7KH�
VL]H�RI�SDUWLFOHV�FRQVWLWXWLQJ�WKH�PHGLXP�LV�DOPRVW�WKH�VDPH�DV�UDGLDWLRQ�ZDYHOHQJWK��6R��WKH�FODVVLF�
JHRPHWULF�RSWLF�ODZV�DUH�QRW�VXIILFLHQW�WR�VWXG\�WKH�UDGLDWLRQ�ILEHU�LQWHUDFWLRQ��7KH�ILUVW�VWHS�RI�RXU�
UHVHDUFK�LV�WR�VROYH�WKH�0D[ZHOO�HTXDWLRQV��

:H�DVVXPH�WKDW�D�ILEHU�FDQ�EH�UHSUHVHQWHG�E\�DQ�LQILQLWHO\� ORQJ�F\OLQGHU�DQG�ZH�GHWHUPLQH�LWV�
UDGLDWLYH� SURSHUWLHV� XVLQJ� WKH�0LH� WKHRU\� ������� 7KHVH� FDOFXODWLRQV� DUH� WUXH� LI�ZH� VHW� WKDW� ILEHUV� DUH�
VXIILFLHQWO\�VSDFHG�IURP�HDFK�RWKHUV���

7KH� HTXDWLRQV�RI� WKH� UDGLDWLYH� WUDQVIHU� DQG�RI� HQHUJ\� FRQVHUYDWLRQ� DUH� VROYHG�ZLWK�D�PHWKRG�
ZKLFK� DOORZV� WKH� FDOFXODWLRQ� RI� WHPSHUDWXUH� DQG� LQWHQVLW\� ILHOGV� LQ� WKH� PHGLXP�� 5DGLDWLYH� DQG�
FRQGXFWLYH�KHDW�IOX[HV�ZLOO�EH�SUHVHQWHG�IXUWKHU��

,Q� VWHDG\�VWDWH� UHJLPH��RXU�PRGHO�KDV�EHHQ�YDOLGDWHG�E\� UHVXOWV�REWDLQHG�E\�6DLQW�*REDLQ��
IRU�VHYHUDO�W\SHV�RI�PDWHULDOV��ZLWK�D�KRW�JXDUGHG�SODWH�DSSDUDWXV��7KH�PDWHULDO�LV�LVRODWHG�IURP�WKH�
RXWVLGH�DQG�SODFHG�EHWZHHQ�WZR�SODWHV�ZLWK�IL[HG�WHPSHUDWXUHV��$FFRUGLQJ�WR�WKH�LQVXODWLQJ�TXDOLW\�
RI� WKH�PDWHULDO�� LW� LV�QHFHVVDU\� WR�EULQJ�PRUH�RU� OHVV�RI�KHDW� �E\� -RXOH�HIIHFW�� WR�NHHS� WKH�KRW� IDFH�
WHPSHUDWXUH�FRQVWDQW��7KH�DPRXQW�RI�KHDW�SURYLGHG�FKDUDFWHUL]HV�WKH�LQVXODWLQJ�SHUIRUPDQFH�RI�WKH�
WHVWHG�PDWHULDO��

7KH� LQWHUHVW� RI� WKLV� UHVHDUFK� LV� WKH� RSWLPL]DWLRQ� RI� WKH� WKHUPDO� SURSHUWLHV� RI� WKH� ILEURXV�
PHGLXP�IURP�WKH�NQRZOHGJH�RI�HDVLO\�PHDVXUDEOH�SURSHUWLHV��
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7UDQVLHQW�FRPELQHG�UDGLDWLRQ�DQG�FRQGXFWLRQ�KHDW�WUDQVIHU�

�

7KH� UDGLDWLRQ²FRQGXFWLRQ� LQWHUDFWLRQ� LQVLGH� D� VHPL²WUDQVSDUHQW� PHGLXP� LV� FRPSOHWHO\�
GHVFULEHG� E\� WZR� HTXDWLRQV��2QH� H[SUHVV� WKH� UDGLDWLYH� WUDQVIHU� DQG� WKH� RWKHU� WKH� WRWDO� HQHUJ\�
FRQVHUYDWLRQ�� 7KH� ILEURXV�PHGLD� VWXGLHG� DUH� QRQ²JUH\�� DQLVRWURSLFDOO\� DEVRUELQJ�� HPLWWLQJ� DQG�
VFDWWHULQJ�� 7KH� UDGLDWLYH� SURSHUWLHV� RI� WKH� PHGLXP� DUH� FKDUDFWHUL]HG� E\� WKH� PRQRFKURPDWLF�

DEVRUSWLRQ��VFDWWHULQJ�FRHIILFLHQWV� λλ σκ V��� �DQG�E\�WKH�PRQRFKURPDWLF�SKDVH�IXQFWLRQ� λΦ ��WKDW�

ZH� GHWHUPLQH� IURP� WKH�0LH� WKHRU\� ������� 7KH� WKHUPRSK\VLFDO� PDWHULDO� SURSHUWLHV� �VSHFLILF� KHDW�
FDSDFLW\�DQG�WKHUPDO�FRQGXFWLYLW\��DUH�WHPSHUDWXUH�GHSHQGHQW��7KH�PHGLXP�LV�RQH�GLPHQVLRQDO��
D[LV\PHWULF�ZLWK�WKLFNQHVV�(��

$��7KH�5DGLDWLYH�7UDQVIHU�(TXDWLRQ��57(��

,Q� VXFK� PHGLXP� DQG� IRU� WKH� DSSOLFDWLRQV� ZH� FRQVLGHU�� WKH� PRQRFKURPDWLF� UDGLDWLRQ�

LQWHQVLW\� ���� W[, µλ � LV� JRYHUQHG� E\� WKH� 57(� ��� ZKLFK� LV� ZULWWHQ� IRU� WKH� ZDYHOHQJWK� λ �� WKH�
SRVLWLRQ�[��LQ�WKH�GLUHFWLRQ�µ �DQG�DW�WLPH�W�DV��
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7KH�WRWDO�UDGLDWLYH�KHDW�IOX[�LV�JLYHQ�E\�
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���W�[�7�� ��E λ, LV�WKH�LQWHQVLW\�RI�WKH�EODFN�ERG\�DW�WKH�WHPSHUDWXUH�RI�WKH�FRQVLGHUHG�SRLQW��
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�µ�� DQG� ����µκλ � DUH� WKH� HIIHFWLYH� VHFWLRQ� LQ� WKH� GLUHFWLRQ� µ� UHIHU� UHVSHFWLYHO\� WR� WKH�

DEVRUSWLRQ�DQG�VFDWWHULQJ��

7KH�VHFRQG�PHPEHU�RI�WKLV�57(�LQYROYHV�WKUHH�WHUPV�OLQNHG�WR�WKH�SKHQRPHQD�WDNHQ�LQWR�
DFFRXQW�IRU�WKH�GLPLQXWLRQ�DQG�WKH�LQWHQVLILFDWLRQ�RI�WKH�LQWHQVLW\��

�� 7KH�LQWHQVLW\�FDQ�EH�GHFUHDVHG�E\�H[WLQFWLRQ��VFDWWHULQJ�DQG�DEVRUSWLRQ��
�� 7KH�LQWHUQDO�HPLVVLRQ�LQFUHDVHV�WKH�LQWHQVLW\��LW�GHSHQGV�RQ�WKH�WHPSHUDWXUH�ILHOG���
�� %\�VFDWWHULQJ��WKH�UDGLDWLYH�IOX[�LQ�WKH�LQLWLDO�GLUHFWLRQ�µ·�FDQ�LQFUHDVH�WKH�IOX[�LQ�WKH�GLUHFWLRQ�µ�

%�� 7KH�HQHUJ\�HTXDWLRQ�

7KH�WUDQVLHQW�WHPSHUDWXUH�UHVSRQVH�LQ�WKH�PHGLXP�LV�REWDLQHG�VROYLQJ�WKH�QRQOLQHDU�HQHUJ\�
HTXDWLRQ�ZKLFK�LV�ZULWWHQ�DW�WKH�SRVLWLRQ��[��DQG�DW�WLPH�W��DFFRUGLQJ�WR��
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,Q�RXU�FDVH��WKH�PHGLXP�WKHUPDO�FRQGXFWLYLW\� ��7N �LV�GHVFULEHG�E\�/DQJODLV�DQG�.ODUVIHOG�VHPL²

HPSLULFDO�UHODWLRQ�GHYHORSHG�IRU�LQVXODWRUV�PDGH�RI�VLOLFD�ILEHUV��,W�LV�EDVHG�RQ�H[SHULPHQWDO�GDWD�
REWDLQHG�IURP�D�JXDUGHG�KRW�SODWHV��DSSDUDWXV�DW�WKH�6DLQW�*REDLQ�5HVHDUFK�&HQWHU����
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7KH�HTXDWLRQ�����LV�FRXSOHG�WR�WKH�UDGLDWLYH�WUDQVIHU�WKURXJK�WKH�UDGLDWLYH�VRXUFH�WHUP�
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ZKHUH� U4 �LV�JLYHQ�E\�WKH�UHODWLRQ������7KH�FRQGXFWLYH�KHDW�IOX[�LV�GHILQHG�E\��
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7KH�WRWDO�KHDW�IOX[�LV�JLYHQ�E\�WKH�VXP�RI�UDGLDWLYH�DQG�FRQGXFWLYH�KHDW�IOX[HV�

FUW 444 +=��� ��������������������������������������������������������������������

8QGHU�VWHDG\²VWDWH�FRQGLWLRQ��WKH�QRQOLQHDU�HQHUJ\�HTXDWLRQ�����EHFRPHV�
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'HWHUPLQDWLRQ�RI�WKH�RSWLFDO�LQGH[�RI�WKH�VLOLFD�

7KH�H[SUHVVLRQ�RI�WKH�YDULRXV�FRHIILFLHQWV�RFFXUULQJ�LQ�WKH�HTXDWLRQ�RI�WKH�UDGLDWLYH�WUDQVIHU�
DULVHV�IURP�WKH�WKHRU\�RQ�WKH�UDGLDWLRQ���ILEHU�LQWHUDFWLRQ��6R�RQH�QHHGV�WKH�RSWLFDO�SURSHUWLHV�RI�
WKH�EXON�PDWHULDO��

7KHVH�SURSHUWLHV�DUH�GHILQHG�E\�WKH�UHDO�SDUW�Q«�DQG�LPDJLQDU\�SDUW�N«�RI�WKH�FRPSOH[�RSWLFDO�
LQGH[�JLYHQ�E\��

λλλ −= LNQQ
 �� � � � � � � � �������������������

Q«� LV� FDOOHG� LQGH[� RI� UHIUDFWLRQ� DQG� N«� FKDUDFWHULVHV� WKH� DEVRUSWLRQ�ZLWKLQ� RXU�PHGLD�� 7KH�
LQGH[� Q«� DQG� N«� ZHUH� GHWHUPLQDWHG� IURP� UHIOH[LRQ� VSHFWUXP�PHDVXUHPHQWV� XVLQJ� RI�.UDPHUV�
.U|QLJ� WUDQVIRUPDWLRQ�� 7UDQVPLVVLRQ� PHDVXUHPHQWV� DUH� FRXSOHG� ZLWK� WKLV� PHWKRG� ZKHQ� WKH�
LQGH[�N«

�

�EHFRPHV�YHU\�VPDOO�ZLWK�UHVSHFW�WR�WKH�LQGH[�Q«��

7KHVH� PHDVXUHV� DUH� DFKLHYHG� DW� WKH� /(07$� LQ� D� ZLGH� UDQJH� RI� ZDYHOHQJWKV�� IURP� WKH�
XOWUDYLROHW� WR� IDU� LQIUDUHG��7KH�QXPHULFDO� UHVXOWV�REWDLQHG�E\� WKLV�PHWKRG�DOORZ�XV� WR� UHSUHVHQW�
WKH�YDULDWLRQV�RI�WKH�LQGLFDWLRQV�Q«�DQG�N«�DFFRUGLQJ�WR�WKH�ZDYHOHQJWK��

:H�REVHUYH�LQ�WKH�ILJXUH���WKDW�WKH�RSWLFDO�SURSHUWLHV�RI�WKH�VLOLFD�VWURQJO\�GHSHQG�RQ�WKH�
ZDYHOHQJWK�� 6R� WKH� DSSUR[LPDWLRQ�RI� WKH� JUH\�PDWHULDO�� L�H�� D�PDWHULDO� WKH�RSWLFDO� SURSHUWLHV�RI�
ZKLFK�DUH�LQGHSHQGHQW�RI�WKH�ZDYHOHQJWK��ZRXOG�EH�FRPSOHWHO\�XQMXVWLILHG�LQ�WKLV�FDVH��0RUHRYHU��
DQDO\VLV�RI�WKH�ILJXUH���VKRZV�WKH�SUHVHQFH�RI�WZR�SDUWLFXODU�SRLQWV��
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7KH\�DUH�ORFDWHG�DW�ZDYHOHQJWKV�λ� ����P�DQG�λ� �����P��)RU�WKHVH�WZR�ZDYHOHQJWKV��WKH�
PHGLXP�KDV�WKH�VDPH�UHIUDFWLYH� LQGH[�Q«�DV�DLU��DQG�WKH� LQGH[�N«� LV�VPDOO�� L�H��� WKH�DEVRUSWLRQ� LV�
ZHDN��7KH�PHGLXP�PDGH�RI�ILEHUV�DQG�DLU�EHKDYHV�OLNH�D�QR�VFDWWHULQJ�DQG�QR�DEVRUELQJ�PDWHULDO��
LW�LV�WKH�&+5,67,$16(1�HIIHFW��7KH�SUHVHQFH�RI�WKHVH�WZR�&+5,67,$16(1�ILOWHUV�PXVW�WKXV�
FDXVH�D�GHFUHDVH��RI�WKH�H[WLQFWLRQ�RI�WKH�UDGLDWLRQ�DV�ZH�ZLOO�VKRZ�IXUWKHU��

7KH�ILJXUH���VKRZV�DOVR�WKH�SUHVHQFH�RI�WKUHH�DEVRUSWLRQ�SHDNV��IRU�WKH�ZDYHOHQJWKV������P��
�����P�DQG����P��ZKLFK�FDQ�EH�UHODWHG�WR�PRYHPHQWV�RI�DFWLYH�LRQV�E\�LQIUDUHG�LOOXPLQDWLRQ�RI�
WKH�VDPH�IUHTXHQF\��

5DGLDWLYH�SURSHUWLHV�RI�WKH�PHGLXP�

2QFH� WKH� EXON� PDWHULDO� RSWLFDO� SURSHUWLHV� KDV� EHHQ� GHWHUPLQHG�� RQH� KDYH� WR� REWDLQ� WKH�
UDGLDWLYH�SURSHUWLHV�RI� WKH� ILEURXV�PHGLXP� WKDW� LV� DQ� LQKRPRJHQHRXV�PHGLXP�PDGH�RI� VLPLODU�
�SDUWLFOHV���,Q�WKH�LQGHSHQGHQW�GLIIXVLRQ�DSSURDFK��WKH�VFDWWHULQJ�E\�WKH�PHGLXP�LV�HTXDO�WR�WKH�
VXP� RI� VFDWWHULQJ� E\� HDFK� SDUWLFOH� DQG� WKHQ� WKH� UDGLDWLYH� SURSHUWLHV� RI� WKH� PHGLXP� L�H�� WKH�

HIIHFWLYH�VHFWLRQV� κ ��σD�DQG�WKH�SKDVH�IXQFWLRQ� �
� µ→µΦλ DUH�REWDLQHG�E\�DQ�DYHUDJH�RI�VLQJOH�

SDUWLFOH�SURSHUWLHV�DORQJ�WKH�VL]H�GLVWULEXWLRQ�DQG�RULHQWDWLRQ�RI�WKH�SDUWLFOHV�LQ�WKH�PHGLXP���

)RU�D�YHU\�IHZ�VLPSOH�FDVHV��VSKHUH��HOOLSVRLG�DQG�F\OLQGHU���WKH�VFDWWHULQJ�E\�WKH�SDUWLFOHV�FDQ�
EH�REWDLQHG�E\�WKH�0LH�DSSURDFK�ZKLFK�OHDGV�WR�QHDUO\�DQDO\WLFDO�UHVXOWV�ZKLFK�LQYROYH�VHULHV�RI�
IXQFWLRQV� VXFK� DV� %HVVHO� IXQFWLRQV� RU� 5LFDWL�%HVVHO� IXQFWLRQV� ��� ,Q� RWKHU� FDVH�� RQH� KDV� WR� XVH�
QXPHULFDO� PHWKRGV� VXFK� DV� WKH� XVH� RI� WKH� *UHHQ� IXQFWLRQ� DQG� WKH� '\VRQ� HTXDWLRQ� ��� WKH�
GHYHORSPHQW�RI�WKH�ILHOG�RQ�D�PXOWLSROH�EDVLV� ��RU� WKH�XVH�RI�WKH�ILQLWH�GLIIHUHQFH�WLPH�GRPDLQ�
PHWKRG�ZKLFK�LV�EDVHG�RQ�D�GLUHFW�UHVROXWLRQ�RI�0D[ZHOO�HTXDWLRQV�E\�XVLQJ�ILQLWH�GLIIHUHQFHV�LQ�
WKH�WLPH�GRPDLQ����7KH�PRVW�LPSRUWDQW�DGYDQWDJH�RI�WKLV�ODVW�PHWKRG�LV�WKDW�ZH�FDQ�REWDLQ�UHVXOWV�
LQ�D�ZLGH�UDQJH�RI�ZDYHOHQJWKV�ZLWK�QR�PRUH� WKDQ�D�)RXULHU� WUDQVIRUP�RI� WKH� WHPSRUDO� UHVXOWV�
WKDW�DUH�REWDLQHG��,W�LV�WKHQ�SRVVLEOH�WR�JDLQ�D�ODUJH�DPRXQW�RI�FDOFXODWLRQ�WLPH�DJDLQVW�WKH�RWKHU�
PHWKRGV�ZKLFK�DUH�PRQRFKURPDWLF�RQHV���

+HUH�WKH�VLOLFD�ILEHUV�FDQ�EH�FRQVLGHUHG�DV�LQILQLWO\�ORQJ�F\OLQGHUV�DQG�WKH�LQWHUDFWLRQ�ZLWK�WKH�

UDGLDWLRQ� LV� NQRZQ�� :H� SUHVHQW� LQ� ILJXUH� �� YDULDWLRQV� RI� � κ�� σV� YHUVXV� WKH� ZDYHOHQJWK� IRU� D�

PHGLXP�PDGH�RI�VLOLFD�ILEHUV��ZLWK�D��µP�GLDPHWHU��UDQGRPO\�RULHQWHG� LQ�SODQHV�SDUDOOHO� WR�WKH�
VDPSOH�HGJHV��

,Q�VRPH�FDVHV��WKH�PHGLXP�LV�VR�PXFK�FRPSOH[�WKDW�D�GLUHFW�GHWHUPLQDWLRQ�RI�WKH�UDGLDWLYH�
SURSHUWLHV�RI� WKH�PHGLXP�ZRXOG�EH�D�KHUFXOHDQ� WDVN��7KHQ� LW�ZRXOG�EH�HDV\LHU� WR�REWDLQ� WKHVH�
UDGLDWLYH� SURSHUWLHV� IURP� H[SHULPHQWDO� PHDVXUHV� VXFK� DV� WKH� ELGLUHFWLRQDO� UHIOHFWLRQ� RU�
WUDQVPLVVLRQ� IXQFWLRQV� �%5')�RU�%7')���SURFHHGLQJ� LQ� WKLV�ZD\�E\�DQ� LQYHUVH�PHWKRG� >WKHVH�

DUQDXG�RX�DUWLFOHV�DFFHSWpV@��)RU�GRLQJ�WKLV��RQH�KDV�WR�REWDLQ�WKH�HIIHFWLYH�VHFWLRQ�σH�HW�σD��RU�LQ�
DQ�HTXLYDOHQW�ZD\� WKH� WKH�RSWLFDO� WKLFNQHVV� DQG� WKH�DOEHGR�� DQG� WKH�SDUDPHWHUV�RI� D� VLPSOLILHG�
SKDVH� IXQFWLRQ� PRGHO� ��� WKDW� OHDG�� RQFH� XVHG� LQ� WKH� UDGLDWLYH� WUDQVIHU� HTXDWLRQ�� WR� D� PLQLPDO�
GHSDUWXUH�ZLWK�H[SHULPHQWDO�PHDVXUHV��WKDW�OHDGV�WR�DQ�RSWLPL]DWLRQ�SUREOHP���

$SSOLFDWLRQ�WR�ILEURXV�PHGLD�

$�� 7KH�ERXQGDU\�FRQGLWLRQV�

:H�KDYH�VWXGLHG�WZR�FDVHV�FRUUHVSRQGLQJ�WR�WHPSHUDWXUH�DQG�IOX[�ERXQGDU\�FRQGLWLRQV��)RU�
WKH� ILUVW� FDVH�� WKH� WHPSHUDWXUHV� DW� WKH� PHGLXP� ERXQGDULHV� DUH� DVVXPHG� WR� EH� NQRZQ��
FRUUHVSRQGLQJ� WR�D�V\VWHP�ZLWK�JXDUGHG�KRW�SODWHV��7KH� WHPSHUDWXUH�RI� WKH� IURQW� IDFH� LV� UDLVHG�
DEUXSWO\� IROORZLQJ�D� VSHFLILF� UHODWLRQ��7KH� WKHUPDO�ERXQGDU\� FRQGLWLRQV� DUH� WKH� IROORZLQJ� �� WKH�
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ERXQGDU\�VXUIDFHV�DW� �=[ �DQG� ([ = �DUH�ERWK�EODFN�VXUIDFHV�NHSW�DW�WHPSHUDWXUHV� ��WI �DQG� (7 �

UHVSHFWLYHO\�

���IRU�����������DQG�������� >== W7W(7WIW7 ( ���������������������������������������

ZKHUH� I �LV�D�JLYHQ�IXQFWLRQ�DQG� R7WI →�� �� ���� W7 �LV�WKH�KRW�WHPSHUDWXUH��ZKLFK�LQFUHDVHV�YHU\�

TXLFNO\� YHUVXV� WLPH� DQG� UHDFKHV� WKH� FRQVWDQW� YDOXH� R7 �� ��� W(7 � LV� WKH� FROG� WHPSHUDWXUH�ZKLFK�

UHPDLQV�FRQVWDQW�ZLWK�WLPH��$Q�HOHFWULF�UHVLVWDQFH�PDNHV�LW�SRVVLEOH�WR�NHHS�D�KLJK�WHPSHUDWXUH�

R7 � DW� WKH� IURQW� IDFH� RI� WKH�PHGLXP� VWXGLHG� DQG� D� ORZ� WHPSHUDWXUH� (7 � DW� WKH� RWKHU� IDFH��7KH�

FRQWULEXWLRQ� E\� -RXOH� HIIHFW� PDNHV� LW� SRVVLEOH� WR� TXDQWLI\� WKH� LQVXODWLQJ� FKDUDFWHU� RI� WKH�
FRQGXFWRU��7KH�UDGLDWLYH�ERXQGDU\�FRQGLWLRQV���DUH�IRU� �≥W �

� � � �
��IRU�������������

��IRU��������������
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� )RU� WKH� VHFRQG� FDVH� �IOX[� ERXQGDU\� FRQGLWLRQV��� WKH� WZR� IDFHV� �=[ � DQG� ([ = � DUH� LQ�

FRQWDFW� ZLWK� DPELHQW� WHPSHUDWXUHV� ��7∞ � DQG� (7 �∞ � UHVSHFWLYHO\� DQG� WKH� VXSHUILFLDO� H[FKDQJHV�

EHWZHHQ� ZDOO� DQG� DPELHQW� DUH� FKDUDFWHULVHG� E\� FRQYHFWLI� H[FKDQJH� FRHIILFLHQWV� RK � DQG� (K ��

2XWVLGH�RI�WZR�ERXQGDULHV��ZH�VHW�WZR�UDGLDWLRQ�VRXUFHV�RI�GLIIHUHQW�LQWHQVLW\�UHVSHFWLYHO\��ZKLFK�
YDU\�YHUVXV�WLPH�DQG�GHILQHG�E\���

�� �W��, µ+
λ �ZLWK� ���DQG���� >≤< Wµ �IRU�WKH�IURQW�IDFH��L�H��LQ� �=[ ����

�� �W��, µ−
λ �ZLWK� ���DQG���� ><≤− Wµ �IRU�WKH�EDFN�IDFH��L�H��LQ� ([ = ����

�
:H�VWXGLHG�LQVXODWLQJ�PDWHULDOV�PDGH�RI�JODVV�ZRRO��FRPSRVHG�RI�VLOLFD�ILEHUV��7KHVH�ILEHUV�

DUH� UDQGRPO\� RULHQWHG� LQ� SODQHV� SDUDOOHO� WR� WKH� ERXQGDULHV� RI� WKH� PHGLXP�� :H� FRQVLGHU� WKH�
VXUIDFH�DV�EHLQJ�SUDFWLFDOO\�WUDQVSDUHQW��NQRZLQJ�WKDW�WKH�GHQVLW\�RI�ILEHUV�LV�ORZ�LQ�WKH�IURQW�DQG�
EDFN�SODQH��7KXV��WKH�SUREDELOLW\�IRU�DQ�LQFLGHQWDO�UD\�RI�PHHWLQJ�D�ILEHU�LQ�WKH�LQWHUIDFH�SODQH�LV�
QHJOLJLEOH� FRPSDUHG� WR� PDNH� RQH
V� ZD\� WKURXJK� WKH� DLU�� ,Q� WKLV� FDVH�� WKH� UDGLDWLYH� ERXQGDU\�
FRQGLWLRQV�DUH�JLYHQ�E\���

�W������IRU�����W��,�����W��(�,

�W������IRU�����W��,�����W����,
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7KH�FRQYHFWLYH�H[FKDQJH�FRHIILFLHQWV�H[SUHVVLRQV� RK �DQG� (K �DUH�GHWHUPLQHG�IURP�WKH�

1XVVHOW�� 5D\OHLJK�� 3UDQGWO� DQG�*UDVKRI� QXPEHUV�
�
���)RU� WKH� WZR� FDVHV� FRUUHVSRQGLQJ� WR� WKH�

WHPSHUDWXUH�DQG�IOX[�ERXQGDU\�FRQGLWLRQV��WKH�PHGLXP�OD\HU�LV�LQLWLDOO\�DW�XQLIRUP�WHPSHUDWXUH����

([7[7 ( ≤≤= ���DOOIRU�������� �������������� ������������������������������������������������������������������������
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%��1XPHULFDO�VROXWLRQ�RI�WKH�FRXSOHG�V\VWHP�RI�HTXDWLRQV�

7KH� DERYH� HTXDWLRQV� GHILQH� D� VWURQJO\� FRXSOHG� V\VWHP� RI� SDUWLDO� DQG� LQWHJUR� GLIIHUHQWLDO�
HTXDWLRQV�ZKHUH� WKH�XQNQRZQV�DUH� WKH�PRQRFKURPDWLF� UDGLDWLRQ� LQWHQVLW\�DQG� WKH� WHPSHUDWXUH�
ILHOG��7KHUH� LV� QR� NQRZQ� DQDO\WLFDO� VROXWLRQ� WR� WKHVH� HTXDWLRQV��7KHQ�� WKH� VROXWLRQ� LV� REWDLQHG�
QXPHULFDOO\�XVLQJ�D�GLVFUHWL]DWLRQ�RI�WKH�PHGLXP��

7KH�57(�LV�VROYHG�XVLQJ�WKH�PHWKRG�GHVFULEHG�LQ��������7KLV�PHWKRG�XVH�D�PXOWL²IOX[�PRGHO��
$Q� DQJXODU� GLVFUHWL]DWLRQ� WHFKQLTXH� �'LVFUHWH�2UGLQDWHV� DSSUR[LPDWLRQ�� LV� DSSOLHG� LQ� RUGHU� WR�
H[SUHVV� WKH� 57(� LQ� DQ� LQKRPRJHQHRXV� V\VWHP� RI� OLQHDU� GLIIHUHQWLDO� HTXDWLRQV� DVVRFLDWHG� ZLWK�
'LULFKOHW� ERXQGDU\� FRQGLWLRQV�� 7KLV� V\VWHP� LV� VROYHG� E\� D� GLUHFW� PHWKRG� �PDWUL[� H[SRQHQWLDO�
PHWKRG��� DIWHU� GLDJRQDOL]LQJ� WKH� PHGLXP� FKDUDFWHULVWLF� PDWUL[�� ZKLFK� PDGH� LW� SRVVLEOH� WR�
FLUFXPYHQW�WKH�QXPHULFDO�LQVWDELOLW\�SUREOHP��7KLV�PHWKRG�LV�HIILFLHQW�LQ�WHUPV�RI�FRPSXWDWLRQDO�
WLPHV�DQG�WKH�VROXWLRQ�LV�DQDO\WLFDO�LQ�VSDFH���

7KH� HQHUJ\� HTXDWLRQ� LV� VROYHG� LQ� VSDFH�� E\� WKH� ILQLWH� HOHPHQW� PHWKRG� 3��� XVLQJ� D� QRQ�
XQLIRUP�PHVK��7KH� UHVXOWLQJ�GLIIHUHQWLDO� V\VWHP� LQ� WLPH� LV� LQWHJUDWHG�XVLQJ� WKH� LPSOLFLW�5XQJH²
.XWWD�PHWKRG�DGDSWHG�WR�VWLII�HTXDWLRQV��

&��6LPXODWLRQ�UHVXOWV�

:H� VWXGLHG� D� PDWHULDO� FRPSRVHG� RI� VLOLFD� ILEHUV� ZLWK� D� GLDPHWHU� RI� �� PLFURQV� UDQGRPO\�
RULHQWHG�LQ�SODQHV�SDUDOOHO�WR�WKH�ERXQGDULHV��,W�LV�D�PDWHULDO�FORVH�WR�WKRVH�XVHG�LQ�KHDW�LQVXODWLRQ��

7KH� WKLFNQHVV�(�� WKH� GHQVLW\� ρ � DQG� WKH� VSHFLILF� KHDW� FDSDFLW\� SF � RI� WKH� ILEURXV�PHGLXP� DUH�

HTXDO� WR� FP���=( �� �NJ�P���=ρ � DQG� .��-��NJ������=SF �� UHVSHFWLYHO\�� )RU� WKH� QXPHULFDO�

DSSOLFDWLRQ�� ��� GLVFUHWH� SRODU� GLUHFWLRQV� DQG� ���� ZDYHOHQJWKV� VLJQLILFDQW� IRU� WKH� PHGLXP� DQG�
YDU\LQJ�IURP�����WR���� Pµ �DUH�XVHG��)RU�WKH�WZR�SUREOHPV��FRUUHVSRQGLQJ�WR�WKH�WHPSHUDWXUH�

DQG�IOX[�ERXQGDU\�FRQGLWLRQV��ZH�XVHG�D�QRQ²XQLIRUP�VSDWLDO�PHVK�DQG�UHILQHG�WKH�]RQHV�ZKLFK�
KDYH�VWURQJ�WHPSHUDWXUH�JUDGLHQWV��:H�XVHG�D�YHU\�VPDOO�WLPH�VWHS� ������� VW =∆ �IRU�VWDELOLW\�DQG�

DFFXUDF\��

)RU� WKH� ILUVW� SUREOHP� FRUUHVSRQGLQJ� WR� WKH� WHPSHUDWXUHV� LPSRVHG� RQ� WKH� ERXQGDULHV�� ZH�
FDOFXODWHG� WKH� WHPSHUDWXUH� ILHOG� DQG� WKH� KHDW� IOX[HV� LQ� WKH� PHGLXP� DFFRUGLQJ� WR� WLPH� ZKHQ�

.����=R7 �� .����=(7 �DQG�WKH�WHPSHUDWXUH�LPSRVHG� I �IROORZV�WKH�ODZ���
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� )LJXUHV���������DQG���VKRZ�WKH�HYROXWLRQ�RI� WHPSHUDWXUH�DQG�IOX[HV�DFFRUGLQJ� WR� WLPH�DQG�

SRVLWLRQ�LQ�WKH�PHGLXP��:H�SRLQW�RXW�WKDW�LQLWLDOO\�WKH�WHPSHUDWXUH�LV�FRQVWDQW�DQG�HTXDO�WR� (7 �

WKURXJKRXW�WKH�PHGLXP��$W� VW ��= ��WKH�LPSRVHG�WHPSHUDWXUHV�DUH�HTXDO�WR� R7 �DW� �=[ �DQG� (7 �DW�

([ = �� )RU� ORZ� YDOXHV� RI� W�� WKH�PDWHULDO� LV� DW� D� WHPSHUDWXUH�PXFK� ORZHU� WKDQ� WKH� EODFN� ERG\�
ORFDWHG�LQ� �=[ �DQG�WKH�WHPSHUDWXUH�JUDGLHQW�LV�YHU\�VLJQLILFDQW���UDGLDWLYH�DQG�FRQGXFWLYH�IOX[HV�
WDNH�KLJK�YDOXHV��7KH�UDGLDWLRQ�DQG�FRQGXFWLRQ�FRXSOLQJ�OHDGV�WR�WKH�H[LVWHQFH�RI�D�PD[LPXP�IRU�
UDGLDWLYH� IOX[� �� DW� WKLV�SRLQW�� WKH� UDGLDWLYH� HQHUJ\� VRXUFH� WHUP� LV�QXOO��:KHQ� WKH� VWHDG\²VWDWH� LV�
UHDFKHG� ��V������ ≅W �WKH�WRWDO�KHDW�IOX[�EHFRPHV�FRQVWDQW�DQG�HTXDO�WR������:�P���D�QXPHULFDO�

YDOXH�WKDW�ZH�IRXQG�IURP�WKH�SUHYLRXV�GHYHORSHG�VWHDG\²VWDWH�PRGHO�����:H�DOVR�ILQG�WKH�VDPH�
YDOXHV�IRU�WKH�WHPSHUDWXUH�ILHOG��WKH�UDGLDWLYH�DQG�FRQGXFWLYH�IOX[HV��7KLV�YDOLGDWHV�WKH�QXPHULFDO�
PHWKRG�XVHG�WR�VROYH�WKH�FRXSOHG�V\VWHP�RI�HTXDWLRQV��LQ�WUDQVLHQW�VWDWH���
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)RU� WKH� VLPXODWLRQ�RI� WKH�VHFRQG�SUREOHP�FRUUHVSRQGLQJ� WR� WKH� IOX[�ERXQGDU\�FRQGLWLRQV��
WKH�PHGLXP�LV�OLJKWHQHG�E\�D�EODFN�ERG\��ULVLQJ�YHU\�TXLFNO\����V��IURP�D�WHPSHUDWXUH�RI�����.�WR�
D�WHPSHUDWXUH�RI�����.�RQ�WKH�IURQW�IDFH��LQ� �=[ ��DQG�UHPDLQLQJ�DW�D�WHPSHUDWXUH�RI�����.�RQ�
WKH�EDFN�IDFH��LQ� ([ = ���7KHVH�WZR�WHPSHUDWXUHV�DUH�WKHQ�NHSW�FRQVWDQW�YHUVXV�WLPH��7KXV��ZH�
FDQ� FRQVLGHU� WKH� D[LDO� V\PPHWU\� LQ�RXU�PRGHO�� VLQFH� WKH� UDGLDWLYH�ERXQGDU\� FRQGLWLRQV� UHVSHFW�
WKLV�V\PPHWU\��:H�VXSSRVH�WKDW�WKH�DPELHQW�WHPSHUDWXUH�RI�WKH�DLU�RQ�VLGH�RI�WKH�IURQW�IDFH�RI�
WKH�PHGLXP�LV�KHDWHG�DQG�IROORZV�WKH�IROORZLQJ�OLQHDU�HYROXWLRQ����
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�������������ZKHQ�����������������������

��������ZKHQ��������
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�
:H�DVVXPH�WKDW�WKH�DPELHQW�WHPSHUDWXUH�RI�WKH�DLU�RQ�VLGH�RI�WKH�EDFN�IDFH�RI�WKH�PHGLXP�

UHPDLQV�FRQVWDQW�YHUVXV�WLPH�DQG�LV�HTXDO�WR� .W7 �( ������ =∞ ��2Q�WKH�ILJXUHV���������DQG�����ZH�

UHSUHVHQWHG� WKH�HYROXWLRQ�RI� WKH� WHPSHUDWXUH� ILHOG� DQG�IOX[HV�YHUVXV� WLPH�DQG�DFFRUGLQJ� WR� WKH�

SRVLWLRQ� LQ� WKH� PHGLXP�� 2Q� WKHVH� IRXU� ILJXUHV�� WKH� FXUYHV� DW� V�����W I ≅ � DUH� UHODWHG� WR� WKH�

VWHDG\�VWDWH� EHKDYLRXU�� 7KH� WHPSHUDWXUH� UHDFK� D� PD[LPXP� LQ� WKH� PHGLXP� �� LW� LV� WKH� ORVV� E\�
FRQYHFWLRQ�RQ�WKH�IURQW�IDFH�ZKLFK� LV�UHVSRQVLEOH��,Q�SDUWLFXODU�� WKDW� OHDGV�WR�D�FRQGXFWLYH�IOX[�
ZLWK�QHJDWLYH�YDOXH�QHDU�WR�WKH�IURQW�IDFH��7KH�SHDN�RI�UDGLDWLYH�IOX[�LV�GXH�WR�WKH�IDFW�WKDW�WKH�
LQFLGHQWDO�IOX[�LQFUHDVHV�YHU\�TXLFNO\���WKH�UDGLDWLRQ�LV�SURSDJDWHG�LQ�WKH�PHGLXP�DW�D�VSHHG�FORVH�
WR� WKDW� RI� WKH� OLJKW� LQ� WKH� YDFXXP��7KH� HOHYDWLRQ� RI� WHPSHUDWXUH� FDQQRW� EH� GRQH� DW� WKH� VDPH�
VSHHG�� WKHUHIRUH� WKH� FRQGXFWLYH� IOX[� GRHV� QRW� YDU\� LQ� WKH� VDPH� ZD\�� 7KH� IDVW� WHPSHUDWXUH�
YDULDWLRQ� RQ� WKH� IURQW� IDFH� OHDGV� WR� D� FRQGXFWLYH� IOX[� ZKLFK� YDU\� DOVR� VWURQJO\�� 'XULQJ� ILUVW�
TXDUWHU� RI� WLPH� QHFHVVDU\� WR� UHDFK� WKH� VWHDG\²VWDWH�� WKH� WHPSHUDWXUH� ILHOG� LV� SUDFWLFDOO\� OLQHDU��
7KHQ�� WKH�FRQYHUJHQFH� WRZDUGV� WKH� VWHDG\²VWDWH� LV�PXFK� VORZHU��:KHQ� WKH� V\VWHP�UHDFKHV� WKH�
VWHDG\²VWDWH��WKH�WRWDO�KHDW�IOX[�EHFRPHV�FRQVWDQW�DQG�HTXDO�WR�DSSUR[LPDWHO\�����:�P���ZLWK�D�
UHODWLYH�HUURU�EHWZHHQ�WKH�DEVFLVVDV�YHU\�ZHDN��ORZHU�WKDQ�������LQ�RXU�FDVH����
� ,Q�DGGLWLRQ��ZH�FDQ�VD\�WKDW�WKH�FRPSXWLQJ�WLPHV�IRU�WKH�ILUVW�DQG�WKH�VHFRQG�SURJUDPV�DUH�
��� K� ���PLQ� ��� V� DQG� ��� K� ���PLQ� ��� V� UHVSHFWLYHO\�� RQ� D� 3HQWLXP� ,,� ZLWK� WKH� FRQYHUJHQFH�

FULWHULRQ� �
��−=ε � UHODWLQJ� WR� WKH� UHODWLYH� YDULDWLRQ� RI� WKH� WHPSHUDWXUH� YHUVXV� WLPH�� 7KHVH� WZR�

FDOFXODWLQJ� WLPHV� PD\� VHHP� WR� EH� ORQJ� EXW� WKH\� H[SODLQ� WKHPVHOYHV� E\� WKH� FRPSOH[LW\� RI� WKH�
PRGHOV�� 0RUHRYHU�� ZLWK� WKHVH� DSSOLFDWLRQ� H[DPSOHV�� WKH� DOJRULWKPV� SURYHG� WR� EH� UREXVW� DQG�
VWDEOH��

&RQFOXVLRQ�

� 7KH�KHDW�WUDQVIHU�E\�UDGLDWLRQ�DQG�FRQGXFWLRQ�LQ�D�ILEURXV�PHGLD�LV�VWXGLHG�ZLWK�WHPSHUDWXUH�
RU�IOX[�ERXQGDU\�FRQGLWLRQV��7KH�VWXGLHG�PHGLD�DUH�QRQ�JUH\��DQLVRWURSLFDOO\�DEVRUELQJ��HPLWWLQJ�
DQG�VFDWWHULQJ��7KH�0LH�WKHRU\�LV�XVHG�WR�GHWHUPLQH�WKH�HIIHFWLYH�VHFWLRQ�DQG�WKH�SKDVH�IXQFWLRQ�
RI�VFDWWHULQJ��7KH�WKHUPDO�FRQGXFWLYLW\�LV�WHPSHUDWXUH�GHSHQGHQW��7KH�57(�DQG�HQHUJ\�HTXDWLRQ�
DUH� VROYHG� XVLQJ� D� PXOWL�IOX[� PRGHO� ZLWK� D� ILQLWH� HOHPHQW� PHWKRG� 3��� :H� FDOFXODWHG� WKH� KHDW�
WUDQVIHU� DQG� WKH� HYROXWLRQ� RI� WKH� WHPSHUDWXUH� YHUVXV� WLPH� LQ� WKH� PHGLXP�� 2XU� VWXGLHV� PDGH�
SRVVLEOH� WKH� NQRZOHGJH� RI� WKH� WKHUPDO� EHKDYLRXU� RI� ILEURXV� LQVXODQWV�� 0RUHRYHU�� ZH� FDQ�
GHWHUPLQHG� DFFXUDWHO\� WKH� UROH� RI� VHYHUDO� SDUDPHWHUV� VXFK� DV� �� FKHPLFDO� FRPSRVLWLRQ�� ILEHU�
GLDPHWHU�DQG�ILEHU�GLVWULEXWLRQ�LQVLGH�WKH�PHGLXP��7KH�IXUWKHU�GHYHORSPHQW�RI�WKLV�VWXG\�ZLOO�EH�
UHODWHG� WKH�YDOLGDWLRQ�RI� WKH�PRGHO� �� WKH�PHGLXP�ZLOO�EH�XQGHU�VWURQJ�KHDW� IOX[HV�RQ� WKH� IURQW�
IDFH��
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