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,Q� DQ� HTXLOLEULXP� WKHUPRG\QDPLF� V\VWHP� WKH� WHPSHUDWXUH��7�� H[WHUQDO� SUHVVXUH�� 3� DQG�
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DGGLWLRQDO� LQWHUQDO�SDUDPHWHU��ξ��DQG�D�IXQFWLRQ�RI�WKH�VWDWH��$��3DUDPHWHU�ξ FKDUDFWHUL]HV�D�
GHJUHH�RI�FRPSOHWLRQ�RI�D�FKHPLFDO�UHDFWLRQ��DQG�IXQFWLRQ�$��FDOOHG�DIILQLW\��FKDUDFWHUL]HV�DQ�
DELOLW\�RI�D�V\VWHP�WR�HQWHU�D�FKHPLFDO�UHDFWLRQ��
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3K\VLFDO�PHDQLQJ�RI�DIILQLW\�DQG�LQWHUQDO�SDUDPHWHU�RI�JODVV�WUDQVLWLRQ�DQG�UHOD[DWLRQ�

&RRSHU� LL� XVHG� WKH� LGHDV� RI� DIILQLW\� DQG� LQWHUQDO� SDUDPHWHU� LQ� D� GHVFULSWLRQ� RI� D� QRQ�
HTXLOLEULXP�JODVV�IRUPLQJ�V\VWHP��IRU�ZKLFK�KH�GHILQHG�WZR�VSHFLILF�VWDWHV������WKDW�RI�D�QRQ�

HTXLOLEULXP�OLTXLG�ZLWK�$�≠���DQG�Gξ�≠����WKHUHIRUH�UHOD[DWLRQ�FDQ�EH�REVHUYHG�LQ�LW������RI�D�
VROLG� ERG\�ZLWK�$�≠� �� DQG� Gξ  � ��� WKHUHIRUH� UHOD[DWLRQ� SURFHVVHV� LQ� LW� DUH� IUR]HQ�� 7KHVH�
GHILQLWLRQV� �RU� FULWHULD�� DUH� LQVXIILFLHQW� WR� GHILQH� ZKLFK� FKDUDFWHULVWLFV� RI� D� JODVV�IRUPLQJ�
V\VWHP� VKRXOG� EH� XVHG� DV� DIILQLW\� WR� UHOD[DWLRQ� DQG� JODVV� WUDQVLWLRQ�� DQG� DV� DQ� LQWHUQDO�
SDUDPHWHU�WKDW�ZRXOG�DGHTXDWHO\�GHVFULEH�WKH�FRPSOHWHQHVV�RI�WKHVH�SURFHVVHV���

,Q�JHQHUDO��$�DQG�ξ VKRXOG�PHHW�VHYHUDO�FULWHULD��



��� (TXLOLEULXP�FULWHULRQ��,Q�HTXLOLEULXP�VWDWH��$� ���DQG�ξ = ���7KLV�PHDQV�WKDW�RXW�RI�
DOO� FKDUDFWHULVWLFV� RI� D� V\VWHP�� WKH� RQH� ZLWK� PD[LPXP� UHOD[DWLRQ� WLPH� VKRXOG� EH�
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��� 1HJDWLYLW\� FULWHULRQ�� &RQVLGHULQJ� WKH� VLJQV� LQ� (TXDWLRQV� �D� DQG� �D�� DQG� WKH�
SK\VLFDO�PHDQLQJ�RI�*�DQG�)��LQ�D�SURFHVV�RI�IDVW�FRROLQJ��ZKHQ�D�V\VWHP�EHFRPHV�
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$SSOLFDWLRQ�RI�WKH�WKHRU\�RI�DIILQLW\�WR�WKH�JODVV�IRUPLQJ�V\VWHPV�

7KHUH�DUH�WZR�LPSRUWDQW�FKDUDFWHULVWLFV�RI�D�QRQ�HTXLOLEULXP�V\VWHP�WKDW�PHHW�DOO�RI�WKH�
DERYH� FULWHULD�� DV� LW� LV� VKRZQ� LQ� LLL� DQG� LY�� LQWHUQDO� QHJDWLYH� SUHVVXUH� LQ� WKH� V\VWHP�� FDOOHG�

FRQILJXUDWLRQDO� SUHVVXUH�� 3&� �� DQG� LWV� H[FHVVLYH� YROXPH�� δ9�� /HW� XV� GHPRQVWUDWH� WKDW�
H[FHVVLYH� YROXPH� FDQ� EH� FRQVLGHUHG� DV� DIILQLW\� RI� WKH� V\VWHP� WR� UHOD[DWLRQ� DQG� JODVV�

WUDQVLWLRQ��DQG�QHJDWLYH�SUHVVXUH�²�DV�LWV�LQWHUQDO�SDUDPHWHU��LQ�RWKHU�ZRUGV��WKDW�$� �δ9�DQG�
ξ  �3&����

,W�LV�DOVR�VKRZQ�LQ�����WKDW�IDVW�FRROLQJ�RI�D�JODVV�IRUPLQJ�OLTXLG�ZLWKLQ�WKH�JODVV�WUDQVLWLRQ�
LQWHUYDO�IURP�7D��WR�7E�LV�DQ�LVRFKRULF�SURFHVV��WKDW�LV��LW�RFFXUV�DW�9� �FRQVW��7KHUHIRUH��DW��
WHPSHUDWXUH� 7� �� 7D� D� QRQ�HTXLOLEULXP� JODVV�IRUPLQJ� V\VWHP� KDV� H[FHVVLYH� YROXPH� DQG�
QHJDWLYH�SUHVVXUH�WKDW�FDQ�EH�JLYHQ�DV��
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ZKHUH�α DQG β DUH� FRHIILFLHQWV� RI� WKHUPDO� H[SDQVLRQ� DQG� LVREDULF� FRPSUHVVLRQ� RI� D� OLTXLG��
FRUUHVSRQGLQJO\��
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,Q� D� SURFHVV� RI� LVRWKHUPDO� UHOD[DWLRQ� RI� D� JODVV�IRUPLQJ� V\VWHP� DW� D� FHUWDLQ� FRQVWDQW�

WHPSHUDWXUH�� 7�� ZLWK� 7D��� 7� �� 7E� �� � δ9→� �� IURP� WKH� VLGH� RI� SRVLWLYH� YDOXHV�� ZKLOH� 3&�
´LQFUHDVHV�WR�]HURµ��WKDW�LV�3&�→���IURP�WKH�VLGH�RI�QHJDWLYH�YDOXHV��
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,Q�D�SURFHVV�RI�IDVW�FRROLQJ�RI�VXFK�V\VWHP��DW�9� �FRQVW��G7������LWV�YROXPH�LQFUHDVHV�ZLWK�D�
GHFUHDVH�LQ�WHPSHUDWXUH��DQG�D�FKDQJH�LQ�3&�LV�QHJDWLYH��
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DQG�IURP�(TXDWLRQV���DQG���²��WKDW��
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6XP�WRWDO�RI�(TXDWLRQV�������FRQILUP�WKDW�δ9�DQG�3&�GR�PHHW�DOO�WKH�FULWHULD�IRU�$�DQG�ξ��

)RU�D�V\VWHP�LQ�HTXLOLEULXP��WKDW�LV�DW�7�≥�7D� ��RU�DIWHU�FRPSOHWLRQ�RI�UHOD[DWLRQ��δ9� ���
DQG�3&� ���� WKHUHIRUH� WKH� �

VW� FULWHULRQ� ²�(TXLOLEULXP� FULWHULRQ�� LV� IXOILOOHG��$SSDUHQWO\�� WKH�

VHFRQG� ²�'LPHQVLRQ� FULWHULRQ�� LV� IXOILOOHG�� VLQFH� �δ9G3&�� LV� PHDVXUHG� LQ� HQHUJ\� XQLWV�� $V�
IROORZV�IURP�(TXDWLRQV��D�DQG��D��LQ�D�VROLG�JODVV�&RRSHU·V�FULWHULRQ�LV�IXOILOOHG���δ9����DQG�
G3&� �����KHQFH��δ9G3&�� ���DQG�3&� �FRQVW��(TXDWLRQV����DQG����SURYH�WKDW�δ9�DQG�3&�DOVR�
PHHW�ERWK�1HJDWLYLW\�DQG�3RVLWLYLW\�FULWHULD��

&RQFOXVLRQ�

,Q� D� QRQ�HTXLOLEULXP� JODVV�IRUPLQJ� V\VWHP�� WKH� H[FHVVLYH� YROXPH� LV� LWV� DIILQLW\� WR�
UHOD[DWLRQ� DQG� JODVV� WUDQVLWLRQ�� DQG� QHJDWLYH� SUHVVXUH� LV� DQ� LQWHUQDO� FRHIILFLHQW� RI� IXOO�
UHOD[DWLRQ��
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