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7KH� JODVV� EDWFK� LV� D� PL[WXUH� RI� UDZ� PDWHULDOV�� 7KURXJK� KHDWLQJ�� WKH� EDWFK� XQGHUJRHV� FKHPLFDO�

UHDFWLRQV�DQG�FRQYHUWV� LQWR�PROWHQ�JODVV�� ,WV� UROH� LV�SULPRUGLDO�IRU� WKH�IXUQDFH�WKHUPRG\QDPLFV��DV�D�KHDW�

VLQN� DQG� DV� D� WKHUPDO� VFUHHQ�� $� SURSHU� GHVFULSWLRQ� RI� WKH� FRQYHFWLYH� PRWLRQV� LQ� WKH� EDWK� UHTXLUHV� WKH�

NQRZOHGJH� RI� LWV� H[WHQVLRQ�� :H� SUHVHQW� D� PDWKHPDWLFDO� PRGHO� ZKHUH� EDWFK� LV� UHSUHVHQWHG� DV� D�

KRPRJHQHRXV�SXUH�PDWHULDO�WKDW�PHOWV�DW�D�IL[HG�WHPSHUDWXUH��7KH�HYROXWLRQ�RI�WKH�XSSHU�DQG�ORZHU�VXUIDFHV�

RI�WKH�EDWFK�EODQNHW�LV�GHWHUPLQHG�E\�QXPHULFDO�UHVROXWLRQ�RI�WKH�WKHUPDO�HTXDWLRQ��:H�SUHVHQW�D�QXPHULFDO�

PHWKRG�ZKHUH�WKH�PRYLQJ�GRPDLQ�LV�UHSODFHG�E\�D�IL[HG�RQH�DQG�FRPSDUH�WKH�IURQW�YHORFLWLHV�REWDLQHG�E\�

QXPHULFDO�VLPXODWLRQ�ZLWK�DQDO\WLFDO�VROXWLRQV��

0RGHO�

7KH�EDWFK�EODQNHW�SOD\V�DQ�HVVHQWLDO�UROH�LQ�WKH�WKHUPRG\QDPLFV�RI�WKH�IXUQDFH�VLQFH�LW�
DFWV�DV�D�KHDW�VLQN�DQG�D�WKHUPDO�VFUHHQ�DQG�LWV�OHQJWK�GHWHUPLQHV�WKH�FRQYHFWLYH�PRWLRQV�LQ�
WKH�JODVV�EDWK��

7KH�JODVV�EDWFK� LV�D�PL[WXUH�RI� UDZ�PDWHULDOV��8SRQ�KHDWLQJ��D�VHULHV�RI�FKHPLFDO�UHDFWLRQV�
RFFXU�DQG�WKH�PL[WXUH�FRQYHUWV�LQWR�PROWHQ�JODVV�GXULQJ�D�FRPSOH[�SURFHVV��,Q�D�VLPSOLILHG�
GHVFULSWLRQ�ZH�DVVXPH�WKDW�DOO�WKH�FKHPLFDO�UHDFWLRQV�WDNH�SODFH�DW�WKH�VDPH�WHPSHUDWXUH�DQG�
DW�DQ�LQILQLWH�UHDFWLRQ�UDWH��7KLV�DOORZV�RQH�WR�WUHDW�WKH�JODVV�EDWFK�DV�D�KRPRJHQHRXV�SXUH�

PDWHULDO�ZKLFK�PHOWV� DW� D� IL[HG� WHPSHUDWXUH� I7 ��'XULQJ� WKH� FKHPLFDO� UHDFWLRQV� WKHUH� LV� DQ�

LPSRUWDQW�SURGXFWLRQ�RI�JDVHV��PDLQO\�&2���:H�DVVXPH� WKHUPDO� HTXLOLEULXP�EHWZHHQ�&2��
DQG�WKH�SRURXV�PDWHULDO�RI�WKH�EDWFK��,Q�DGGLWLRQ��ZH�XVH�PHDQ�YDOXHV�IRU�WKH�GHQVLW\� ρ ��WKH�
WKHUPDO� FRQGXFWLYLW\� λ � DQG� WKH� VSHFLILF� KHDW�&S� RI� WKH� HQVHPEOH� LQ� RUGHU� WR� VLPSOLI\� WKH�
GHVFULSWLRQ�RI�WKLV�FRPSOH[�SRURXV�PDWHULDO�ZLWK�SHUFRODWLQJ�JDVHV���

8QGHU�QRUPDO�ZRUNLQJ�FRQGLWLRQV�JODVV�IXUQDFHV�PXVW�EH�LQ�D�VWHDG\�VWDWH�UHJLPH��7KH�SXOO�
UDWH�RI�WKH�IXUQDFH�GHWHUPLQHV�WKH�YDOXH�RI�WKH�EDWFK�EODQNHW�YHORFLW\�DORQJ�WKH�ORQJLWXGLQDO�
[�GLUHFWLRQ��7KLV�YDOXH�LV�WDNHQ�FRQVWDQW�DQG�HTXDO�WR�X��+HQFH��ZH�DVVXPH�D�VROLG�OLNH�W\SH�RI�
PRWLRQ���

7KH�KHDW�WUDQVIHU�LQVLGH�WKH�EODQNHW�FDQ�EH�PDGH�WKURXJK�FRQGXFWLRQ�RU�WURXJK�FRQYHFWLRQ�
E\�SHUFRODWLRQ�RI�WKH�JDVHV��%RWK�HIIHFWV�DUH�RI�WKH�VDPH�RUGHU�RI�PDJQLWXGH��&RQYHFWLRQ�LV�
LPSRUWDQW� IRU� WKH� WHPSHUDWXUH� SURILOHV� EXW� KDV� QR� HIIHFW� RQ� WKH� OHQJWK� RI� WKH� EODQNHW��
1HJOHFWLQJ� KHDW� WUDQVIHU� E\� FRQYHFWLRQ� OHDGV� WR� D� PXFK� VLPSOHU� V\VWHP� RI� HTXDWLRQV��
KHQFHIRUWK� ZH� XVH� WKH� DSSUR[LPDWLRQ� WKDW� WKH� KHDW� WUDQVIHU� LV� GRPLQDWHG� E\� FRQGXFWLYH�
SKHQRPHQD��6LQFH� WKH�EODQNHW� LV�PXFK� ORQJHU�DQG� ODUJHU� WKDQ� WKLFNHU��KHDW�GLIIXVLRQ�DORQJ�
WKH� [\� KRUL]RQWDO� SODQH� LV� QHJOHFWHG� ZLWK� UHVSHFW� WR� WKH� YHUWLFDO� ] � GLUHFWLRQ�� �:LWK� WKHVH�
DSSUR[LPDWLRQV�WKH�KHDW�WUDQVIHU�LQ�WKH�EODQNHW�RFFXUV�WURXJK�FRQGXFWLRQ�DORQJ�WKH�YHUWLFDO�
GLUHFWLRQ�� 7KLV� OHDGV� WR� D� WZR�GLPHQVLRQDO� PRGHO�� $� VFKHPDWLF� YLHZ� RI� EDWFK� LV� JLYHQ� LQ�
ILJXUH����
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)LJ�����6FKHPDWLF�YLHZ�RI�WKH�EDWFK�EODQNHW�

7KH�JODVV�EDWFK�HQWHUV� LQWR�WKH�IXUQDFH�DW� �=[ �ZLWK�DQ� LQLWLDO� WHPSHUDWXUH� �7 ��7KH� LQLWLDO�

KHLJKW�RI� WKH�EODQNHW� LV� �K ��:H�FRQVLGHU� WZR�VWHSV�GXULQJ� IXVLRQ�� ,Q�D� ILUVW� VWHS� WKH�EDWFK�

PDWHULDO� LV� KHDWHG� XQWLO� LW� UHDFKHV� WKH� WHPSHUDWXUH� I7 �� 'XULQJ� D� VHFRQG� VWHS� WKH� EDWFK�

FRQYHUWV� LQWR� PROWHQ� JODVV� DQG� WKH� OLTXLG�VROLG� LQWHUIDFH� LV� NHSW� DW� WKH� IL[HG� WHPSHUDWXUH�

I77 = GXULQJ�DOO�WKH�SHULRG�RI�IXVLRQ��7KH�HYROXWLRQ�RI�WKH�XSSHU� ��[] + �DQG�ORZHU� ��[] − �

VXUIDFHV�RI�WKH�JODVV�EODQNHW�LV�GHWHUPLQHG�E\�QXPHULFDO�UHVROXWLRQ�RI�WKH�WKHUPDO�HTXDWLRQ��
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I+∆ �LV�WKH�VHQVLEOH�KHDW�RI�IXVLRQ�DQG� −ϕ DQG� +ϕ DUH�WKH�KHDW�IOX[HV�FRPLQJ�IURP�WKH�JODVV�

EDWK�DQG�IURP�WKH�FRPEXVWLRQ�FKDPEHU�UHVSHFWLYHO\��(TXDWLRQV���D��DQG���D��RI�FRQWLQXLW\�
RI� IOX[HV� DW� WKH� ORZHU� DQG� XSSHU� VXUIDFHV� GHVFULEH� WKH� KHDWLQJ� RI� WKH� EDWFK� PDWHULDO��
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(TXDWLRQV� ��E�� DQG� ��E�� LQFOXGH� DOVR� WKH� HQHUJ\� QHHGHG� IRU� IXVLRQ� RI� WKH� EDWFK�ZKHQ� WKH�

WHPSHUDWXUH� I7 LV�UHDFKHG���

$�GLPHQVLRQDO�DQDO\VLV�RI�WKH�PRGHO�SURYLGHV�D�ILUVW�HVWLPDWH�RI�WKH�OHQJWK� / �RI�WKH�EODQNHW���
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RI�WKH�YHORFLW\�RI�WKH�OLTXLG�VROLG�LQWHUIDFH�
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DQG�RI�WKH�OHQJWK�RI�KHDWLQJ�RI�WKH�EDWFK�IURP�WKH�WHPSHUDWXUH� �7 �XQWLO�WKH�WHPSHUDWXUH� I7 �
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,Q�WKH�ODVW�H[SUHVVLRQV� −ϕ �DQG� +ϕ �DUH�WKH�PHDQ�YDOXHV�RI�WKH�KHDW�IOX[HV�RQ�WKH�OHQJWK� / �

RU� ±
�/ ���

1XPHULFDO�PHWKRG�
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(TXDWLRQV� ���� DUH� VROYHG� QXPHULFDOO\� E\� ILQLWH� YROXPH� PHWKRGV�� 8VLQJ� D� ILUVW� FKDQJH� RI�

YDULDEOH��
X

[
W = �� WKH� VXUIDFHV� −] DQG� +] � EHFRPH� IXQFWLRQV� RI� W � DQG� WKH� VSDWLDO� GRPDLQ�

[ ]����� W]W] +− � DOVR� YDULHV� ZLWK� W �� 7R� DYRLG� WKLV� SUREOHP� ZH� FDQ� XVH� DQRWKHU� FKDQJH� RI�

YDULDEOH�
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WKDW�HQDEOHV�XV�WR�UHFRYHU�D�IL[HG�VSDWLDO�GRPDLQ��VLQFH�ξ �YDULHV�EHWZHHQ�>���@�UHJDUGOHVV�RI�
W ��

�

5HVXOWV�DQG�GLVFXVVLRQ�

�

7KH�YDOXHV�XVHG�WR�GHVFULEH�WKH�SK\VLFDO�SURSHUWLHV�RI�WKH�JODVV�EDWFK�DUH�OLVWHG�LQ�WDEOH�
���7KH\�ZHUH�WDNHQ�IURP�)XKUPDQQ���



9DULDEOH� 9DOXH� 8QLWV�
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7DEOH����3URSHUWLHV�RI�WKH�JODVV�EDWFK��WKH�WHPSHUDWXUH�LQ�WKH�������������������������������

H[SUHVVLRQ�RIλ LV�LQ��.HOYLQ�GHJUHH���

7KH�JODVV�EDWFK�KDV�DQ�LQLWLDO�WHPSHUDWXUH� &7 °= ��� DQG�LWV�LQLWLDO�KHLJKW�LV� FPK ��� = ��7KH�

YHORFLW\�RI�WKH�EDWFK�DORQJ�WKH�ORQJLWXGLQDO�GLUHFWLRQ�LV� VPX ��� �−= ��:H�KDYH�ILUVW�VWXGLHG�
WKH� FDVH�ZKHUH� WKH� KHDW� IOX[HV� FRPLQJ� IURP� WKH� FRPEXVWLRQ� FKDPEHU� DQG� IURP� WKH� JODVV�

EDWK� DUH� HTXDO�� ���� PN:== +− ϕϕ �� ,Q� D� VHFRQG� FDVH� WKH� KHDW� IOX[� FRPLQJ� IURP� WKH�

FRPEXVWLRQ� FKDPEHU� LV� ODUJHU� WKDQ� WKH� RQH� FRPLQJ� IURP� WKH� EDWK�� ���� PN:=+ϕ � DQG�
���� PN:=−ϕ �� ,Q� ERWK� FDVHV� WKH� WRWDO� KHDW� IOX[� LV� ���� PN: �� 7KH� UHVXOWV� REWDLQHG�

QXPHULFDOO\�IRU�WKH�JODVV�EODQNHW�SURILOH�DUH�SUHVHQWHG�LQ�ILJXUH�����
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)LJXUH����%DWFK�EODQNHW�ZKHQ�L�� ���� PN:== +− ϕϕ �DQG�LL�� ���� PN:=+ϕ �DQG�
���� PN:=−ϕ ��



7KH�OHQJWK�RI�WKH�EODQNHW�LV�WKH�VDPH�LQ�ERWK�FDVHV� / �����P�DQG�WKLV�YDOXH�FRPSDUHV�ZHOO�
ZLWK�WKH�RQH�REWDLQHG�ZLWK�WKH�GLPHQVLRQDO�VROXWLRQ�JLYHQ�E\�HTXDWLRQ������

:H� UHVWULFW� WR� WKH� FDVH�ZKHUH� WKH� XSSHU� DQG� WKH� ORZHU� KHDW� IOX[HV� DUH� HTXDO�� WR� VWXG\� WKH�
LQIOXHQFH� RI� WKH� VHQVLEOH� KHDW� RI� IXVLRQ� RQ� WKH� VKDSH� RI� WKH� EODQNHW�� :H� KDYH� WDNHQ� LQ�
DGGLWLRQ� WR� WKH� UHIHUHQFH� YDOXH� RI� WDEOH� ��� KDOI� RI� WKLV� YDOXH� DQG� WZLFH� RI� LW�� 5HVXOWV� DUH�

SUHVHQWHG�LQ�ILJXUH����2QH�FDQ�VHH�WKDW�WKH�YDOXH�RI�/�LQFUHDVHV�ZLWK� I+∆ �LQ�DJUHHPHQW�ZLWK�

HTXDWLRQ������
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)LJXUH����%DWFK�EODQNHW�IRU�WUHH�GLIIHUHQW�YDOXHV�RI� I+∆ ��

)LQDOO\� � ZH� KDYH� FKDQJHG� WKH� LQLWLDO� WHPSHUDWXUH� RI� WKH� EDWK�� 7KH� UHVXOWV� IRU� �� GLIIHUHQW�

WHPSHUDWXUHV�DUH�VKRZQ�LQ�ILJXUH����7KH�OHQJWK�RI�WKH�EODQNHW�GHFUHDVHV�ZKHQ� �7 �LQFUHDVHV��
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)LJXUH����,QIOXHQFH�RI�WKH�LQLWLDO�WHPSHUDWXUH�RI�WKH�EDWFK�� �7 �LQ�WKH�EODQNHW�SURILOH��
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