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DQDO\WLFDO�VROXWLRQ�RI�WKH�FRXSOHG�FRQGXFWLYH�UDGLDWLYH�HTXDWLRQV�FDQ�EH�SURYLGHG�XQGHU�WKH�
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6WHDG\�6WDWH�7HPSHUDWXUH�ILHOG�LQ�D�YLWURFHUDPLF�

,Q�GU\LQJ� WHFKQRORJLHV�� LQIUD�UHG� SDQHOV� DUH� GHYHORSHG� WKDW� DUH� FRPSRVHG� RI� D� FDYLW\��
FRQWDLQLQJ� WKH� LQIUD�UHG� SRZHU� JHQHUDWRU� �TXDUW]� WXEHV��� FORVHG� E\� D� YLWURFHUDPLF�ZLQGRZ��
WKDW� SURWHFWV� WKH� LQIUD�UHG� ODPSV� IURP� ZDWHU� HMHFWLRQV�� 7KH� GHWDLOHG� SURFHGXUH� RI� WKH�
PRGHOLQJ�KDV�EHHQ�H[SRVHG�E\�9��0DQLDV���7KH� LQWHUIDFHV� DUH� FRQVLGHUHG� VHPL�WUDQVSDUHQW�
DQG�WKH�QRQ�JUD\�FKDUDFWHU�RI�WKH�FHUDPLF�JODVV�LV�FRQVLGHUHG�WKURXJK�D�PXOWL�EDQG�DQDO\VLV��
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:LWK�WKH�EDQG�H[SUHVVLRQ�RI�WKH�UDGLDWLYH�IOX[��WKH�VDPH�PHWKRG�RI�UHVROXWLRQ�DV�DERYH�FDQ�
EH� DSSOLHG� DQG� FRXSOHG� WR� D�PHWKRG� RI� UDGLRVLW\� IRU� VXUIDFH� UDGLDWLYH� H[FKDQJHV� DQG� WR� D�
QXPHULFDO� FRGH� RI� IOXLG� PHFKDQLFV� �(67(7�� IRU� VROYLQJ� WKH� FRQYHFWLYH� SUREOHP� LQ� WKH�
FDYLWLHV�� WKH���'� SUREOHP�RI� KHDW� WUDQVIHU� LQ� D� FDYLW\� GLYLGHG� LQWR� WZR�SDUWV� E\� D�ZLQGRZ�
JODVV�KDV�EHHQ�VROYHG��)LJXUH���JLYHV�WHPSHUDWXUH�SURILOHV�REWDLQHG�LQ�WKH�QRQ�JUD\�FDVH�IRU�
GLIIHUHQW�EDQG�GLVFUHWL]DWLRQV�RI�WKH�DEVRUSWLRQ�VSHFWUXP�RI�YLWURFHUDP��
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7KH�6HPL�7UDQSDUHQW�4XDGUXSROH�

7KH�TXDGUXSROH�IRUPXODWLRQ��FDQ�EH�HIILFLHQWO\�XVHG�IRU�WKH�GHWHUPLQDWLRQ�RI�WUDQVLHQW�
KHDW� WUDQVIHUV� LQ� D� 6�7�0�� 7KLV� PHWKRG� DOORZV� WR� OLQHDUO\� OLQN� WKH� LQQHU� DQG� RXWHU� YDOXHV�
�WHPSHUDWXUHV� DQ� IOX[HV�� WKURXJK� D� WUDQVIHU�PDWUL[�� 7KH� FRHIILFLHQWV� RI� WKLV�PDWUL[� FDQ� EH�
REWDLQHG�IURP�WKH�DQDO\WLFDO�VROXWLRQ�SUHYLRXVO\�SUHVHQWHG��VHH�UHODWLRQ��������
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)LJXUH�����7KH�6HPL�7UDQVSDUHQW�4XDGUXSROH��6�7�4XDG��

7KH� PDLQ� DGYDQWDJH� RI� WKLV� WHFKQLTXH� LV� WKDW� WKH� VROXWLRQ� LV� QRQ�GHSHQGDQW� RI� WKH�
ERXQGDULHV�FRQGLWLRQV��7KH�/DSODFH�LQYHUVLRQ�LV�LPSOHPHQWHG�E\�D�QXPHULFDO�DOJRULWKP���7KH�
DGYDQWDJH�RI�WKLV�PHWKRG�VWD\V�LQ�LWV�ORZ�WLPH�FRPSXWHU�FRQVXPLQJ�DQG�JRRG�DFFXUDF\�WKDW�
DOORZV�WR�FKDUDFWHULVH�E\�DQ�LQYHUVH�WHFKQLTXH�WKH�WKHUPRSK\VLFDO�SURSHUWLHV�RI�D�6�7�0�IURP�
H[SHULPHQWDO�GDWD���6HH�IRU�LQVWDQFH��WKH�PHDVXUHPHQW�RI�WKH�SKRQRQLF�GLIIXVLYLW\�E\�D�)ODVK�
PHWKRG�� 7KH� DFFXUDF\� RI� WKH� VROXWLRQ� KDV� EHHQ� QXPHULFDOO\� YHULILHG� LQ� WKH� FDVH� RI� WKH�
WHPSHUDWXUH� UHVSRQVH� RI� WKH� H[FLWHG� VLGH� RI� D� JODVV� VDPSOH� VXEMHFWHG� WR� D� SXOVH� DQG� VWHS�
LUUDGLDWLRQV�DQG�LQ�WKH�SUHVHQFH�RI�KHDW�ORVVHV���� 
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(Tan, Maestre and Lallemand, 1992)
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7KH�0DWUL[�)RUPXODWLRQ���0XOWLOD\HUHG�6�7�0����$QLVRWURSLF�6FDWWHULQJ�

� 7KH�PDLQ� OLPLWDWLRQ� RI� WKH� TXDGUXSROH� IRUPXODWLRQ� LV� WKDW� WKH� ERXQGDULHV� KDYH� WR� EH�
RSDTXH�� 6R�� LW� LV� QRW� SRVVLEOH� WR� VROYH� WKH� KHDW� WUDQVIHUV� LQ� D� PXOWLOD\HUHG� 6�7�0�� 7KH�
GLIILFXOW\� LV� WKDW� WKH� UDGLDWLYH� IOX[� LQ�D�JLYHQ� OD\HU�GHSHQGV�RI� WKH� IOX[HV� LQ� WKH�QH[W� OD\HUV��
7KLV� SUREOHP� FDQ� EH� VROYHG� E\� XVLQJ� D� PDWUL[� IRUPXODWLRQ� RI� WKH� VROXWLRQ�� ,QGHHG�� WKH�
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0DWUL[�)RUPXODWLRQ�LQ�D�FDVH�RI�RQH�6�7�0�OD\HU��
VXEPLWWHG�WR�D�KHDW�SXOVH��

)LJXUH�����0DWUL[�)RUPXODWLRQ�RI�D�6�7�0�

)LUVW�DQG�ODVW�OLQHV�FRUUHVSRQG�WR�WKH�FRQGXFWLYH�UDGLDWLYH�ERXQGDU\�FRQGLWLRQV��VHFRQG�DQG�
VHYHQWK�WR�WKH�SXUH�UDGLDWLYH�FRQGLWLRQV��WKLUG�DQG�VL[WK�WR�WKH�FRPSDWLELOLW\
V�UHODWLRQV�DQG�
IRXUWK�DQG�ILIWK�WR�WKH�UHODWLRQV�RI�WKH�LQWHQVLWLHV�EHWZHHQ�WKH�VXUIDFHV��

7KH�KHDW�WUDQVIHU�LQ�D�ELOD\HU�PDWHULDO�FDQ�EH�HDVLO\�VROYHG�E\�ZULWLQJ�VXFK�D�PDWUL[�LQ�HDFK�
OD\HU�RI�WKH�PDWHULDO��7KLV�PHWKRG�LV�HVSHFLDOO\�RI�D�JUHDW�LQWHUHVW�IRU�WKH�FKDUDFWHUL]DWLRQ�RI�
QRQ� IUHH�VWDQGLQJ� V\QWKHWLF� GLDPRQG� ILOPV� GHSRVLWHG� E\� D� FKHPLFDO� SURFHVV� �&�9�'�
WHFKQLTXH�� RQ� D� VLOLFRQ� VXEVWUDWH� DQG� WR� WDNH� LQWR� DFFRXQW� WKH� VWURQJ� DQLVRWURS\� RI� WKH�
PDWHULDO� LQ� LWV� WKLFNQHVV��� 6XFK� D� PHWKRG� KDV� DOVR� EHHQ� XVHG� WR� PRGHO� WKH� DQLVRWURSLF�
VFDWWHULQJ�HIIHFWV��WKDW�DSSHDU�LQ�SDUWLFXODU�LQVXODWLQJ�PDWHULDOV�OLNH�IRDPV��7KH�FDOFXODWLRQ�DUH�
D�OLWWOH�ELW�PRUH�FRPSOLFDWHG�EXW�\LHOGV�WR�D�VLPLODU�PDWUL[�IRUPXODWLRQ���

$�3HULRGLF�0HWKRG�IRU�*ODVV�&KDUDFWHUL]DWLRQ�

6XFK�D�WHFKQLTXH�KDV�DOVR�EHHQ�XVHG�LQ�D�PRGXODWHG�UHJLPH�IRU�FKDUDFWHUL]DWLRQ�RI�*ODVV�
SURSHUWLHV���7KH�DQDO\WLFDO�PRGHO�RI�WKH�6�7�0�UHPDLQV�VWULFWO\�WKH�VDPH���/DSODFH�SDUDPHWHU�

S �KDV�RQO\�WR�EH�UHSODFHG�E\� ωM ���7KH�%RGH�GLDJUDP�RI�WKH�FRPSOH[�WHPSHUDWXUH� 

U
θ �YHUVXV�

GLPHQVLRQOHVV�IUHTXHQF\�
FWII = �DUH�SUHVHQWHG�LQ�)LJXUH����7KH�FXUYHV�ODEHOHG�
�
�DUH�WKRVH�

REWDLQHG�IRU�WKH�SXUH�FRQGXFWLYH�FDVH��RSDTXH�VDPSOH���7KH�FXUYHV�ODEHOHG�
�
�
�
�
�
�DQG�
�
�KDYH�

EHHQ� REWDLQHG� IRU� GLIIHUHQW� RSWLFDO� WKLFNQHVV� τ � DQG�3ODQFN� QXPEHU� SO1 � YDOXHV� UHVSHFWLYHO\�

HTXDO�WR�����������������������������������DQG�LQ�WKH�FDVH�RI�EODFN�ERXQGDULHV��7KH�VWURQJ�GLYHUVLW\�
RI� WKHVH�FXUYHV�DQG�WKH�JUHDW�YDULHW\�RI�SKDVH� ODJ�WKHUPRJUDP�DOORZ�WKH�H[SHULPHQWDOLVW� WR�
LGHQWLI\� DSSUR[LPDWH� YDOXHV� IRU� SDUDPHWHU� τ � �GHJUHH�RI� VHPL�WUDQVSDUHQF\�� DQG�SDUDPHWHU�

SO1 ��FRQGXFWLYH�WR�UDGLDWLYH�UDWLR��WKDW�DUH�XVXDOO\�GLIILFXOW�WR�REWDLQ�E\�D�)ODVK�PHWKRG���
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7HPSHUDWXUH�GHWHFWLYLW\�WKUHVKROG �P.�

�

)LJXUH�����$PSOLWXGH�DQG�3KDVH�LQ�D�6�7�0�YHUVXV�5HGXFHG�)UHTXHQF\�

&RQFOXVLRQV�

7KH� VHPL�DQDO\WLFDO�PRGHO�ZH� SUHVHQWHG� LQ� WKLV� SDSHU� LV� DQ� HIILFLHQW�PHWKRG� WR� VROYH�
QXPHURXV� FRXSOHG� SUREOHPV� LQ� VWHDG\�VWDWH�� WUDQVLHQW� DQG� PRGXODWHG� UHJLPHV�� 7KH� PDLQ�
UHVWULFWLYH�DVVXPSWLRQ�LV�WKH�OLQHDUL]DWLRQ�WKDW�LV�UHTXLUHG�WR�REWDLQ�DQ�DQDO\WLFDO�VROXWLRQ��)RU�
V\VWHPV�ZLWK�ODUJH�WHPSHUDWXUH�JUDGLHQWV��LW�LV�DOZD\V�SRVVLEOH�WR�VSOLW�WKH�6�7�0�LQWR�VHYHUDO�
HOHPHQWV� LQ� ZKLFK� WKLV� OLQHDUL]DWLRQ� LV� YDOLG�� (YHQ� LQ� WKLV� FDVH�� WKLV� PRGHO� UHPDLQV� PRUH�

DFFXUDWH� WKDQ� D� �� � 33 �)�(�0
V� PRGHO� EHFDXVH� WKH� LQWHUSRODWLRQ� IXQFWLRQV� �H[SRQHQWLDO�

IXQFWLRQV��ZH�XVHG�LQ�HDFK�HOHPHQW�DUH�EHWWHU�WR�ILW�WKH�VROXWLRQ�WKDQ�SRO\QRPLDO�IXQFWLRQV��
7KH�PDLQ�DGYDQWDJH�RI�WKLV�PHWKRG�DOVR�VWD\V� LQ� LWV�IDVW�FRPSXWDWLRQDO� WLPHV�DQG�DFFXUDF\�
WKDW�PDNHV�WKLV�PRGHO�YHU\�FRQYHQLHQW�LQ�FRQWURO�DSSOLFDWLRQV�DQG�LQ�LQYHUVH�SUREOHPV��

������������������������������ �������������������

��$QGUp�6��DQG�'HJLRYDQQL�$���-��RI�+HDW�7UDQVIHU���7UDQVDFWLRQV�RI�WKH�$60(������S����������

��������

��0DQLDV�9��HW�DO��LQ�$FWHV�GX�&RQJUqV�6�)�7���������HGLWHG�E\�(OVHYLHU���7RXORXVH��)UDQFH��S��
���������

��0DLOOHW�'���'HJLRYDQQL�$���%DWVDOH�-�&���0R\QH�&��DQG�$QGUp�6���LQ�6ROYLQJ�WKH�+HDW�(TXDWLRQ�
7KURXJK�,QWHJUDO�7UDVQIRUPV��-RKQ�:LOH\�	�6RQV�/WG��(QJODQG���������

��'H�+RRJ�HW�DO���6,$0�-��6FL��6WDW��&RPSXW�������S������������������

��/D]DUG�0���$QGUp�6���0DLOOHW�'��DQG�'HJLRYDQQL�$���+LJK�7HPS��+LJK�3UHV������S���������������

��7DQ�+�3���0DHVWUH�%��DQG�/DOOHPDQG�0���$60(�-��+HDW�7UDQVIHU������S������������������

��5HP\�%���'HJLRYDQQL�$��DQG�0DLOOHW�'���,QW��-��RI�7KHUPRSK\VLFV�����S������������������

��/D]DUG�0���-�4�6�5�7�����S����������������

��$QGUp�6���0DLOOHW�'��DQG�'HJLRYDQQL�$��LQ�,&+07�,QWHUQDWLRQDO�6\PSRVLXP�2Q�5DGLDWLYH�
7UDQVIHU���������$QWDO\D��7XUNH\��
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